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ABSTRACT 
INFLUENCE OF FRAME STIFFNESS AND RIDER POSITION ON BICYCLE DYNAMICS: AN ANALYTICAL 
STUDY 
 
by 
Trevor Williams 
The University of Wisconsin-Milwaukee, 2015 
Under the Supervision of Professors Anoop Dhingra and Sudhir Kaul 
 
Advanced analytical and computational capabilities are allowing researchers to enhance 
the model complexity of bicycles and motorcycles in order to understand handling, stability and 
dynamic behavior. These models allow designers to investigate new frame layouts, alternative 
materials and different architectures. The structural stiffness of a frame plays a critical role in 
the handling behavior of a bike. However, the influence of structural stiffness has received 
limited attention in the existing literature. This study attempts to fill the gap by presenting 
analytical results that investigate the influence of structural stiffness in conjunction with rider 
positions on three distinct bicycle layouts. The analytical model consists of four rigid bodies: rear 
frame, front frame (front fork and handle bar assembly), front wheel and rear wheel. The overall 
model exhibits three degrees-of-freedom: the roll angle of the frame, the steering of the front 
frame and the rotation of the rear wheel with respect to the frame. The rear frame is divided 
into two parts, the rider and the bicycle frame, that are assumed to be rigidly connected. This is 
done in order to allow the model to account for varying rider positions. The influence of frame 
flexibility is studied by coupling the structural stiffness of the frame to the governing equations 
of motion. The governing equations of motion from a benchmark bike in the existing literature 
have been used, and then modified to accommodate rider positions and frame stiffness. Layouts 
from the benchmark bicycle, a commercially manufactured bicycle, and a cargo bicycle are used 
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for this study in conjunction with rider positions ranging from a no hands position to a small 
aero tuck. The results are analyzed and compared with some proven analytical and experimental 
results in the existing literature. Results indicate that some of the rider positions can play a 
significant role in influencing the dynamic characteristics of a bike. Structural stiffness is seen to 
significantly affect the weave mode when the stiffness is reduced substantially. It is observed 
that the forward and lower rider positions are generally associated with a faster speed for onset 
of self-stability, that additionally last for a longer range of speeds. Furthermore, addition of a 
large luggage load to the cargo bike is seen to have a stabilizing effect as well as increase 
instability sensitivity to stiffness. Overall, it is observed that the inclusion of frame stiffness and 
an assessment of the distribution of a rider’s mass are important factors that govern the 
dynamic behavior of a bike, and should therefore be carefully evaluated. 
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Chapter 1:  Introduction 
Since the invention of the bicycle in the 19th century, the bicycle has continued to evolve 
through the years with significant improvements in weight, speed, efficiency and safety. Early 
20th century saw a great interest in motorized bicycles that eventually resulted in a separate 
category of two-wheeled vehicles, namely motorcycles. Bicycles and motorcycles share many 
attributes in some of their most important characteristics such as handling and stability. Bicycles 
and motorcycles also exhibit unique properties such as static instability that needs to be 
overcome with a minimum velocity threshold. A majority of the research surrounding two-wheel 
vehicles involves dynamic modeling to understand how certain parameters affect these vehicles 
and how these parameters can be changed to improve the overall design. A bicycle appears to 
be a rather simplistic system consisting of rear frame connected, a steering action of the front 
frame, and a pair of wheels. However, the system and the quantification of handling and 
stability is much more complex than it first appears. Bicycle modeling and simulation presents a 
classical problem in dynamics and control. 
The relationship between several different geometrical parameters of the bicycle results 
in self-stability at certain speeds such that as the bicycle tips over, the front wheel tracks in the 
direction of the tip, so that the bicycle remains upright. In lieu of more complicated controller-
based analysis, the self-stability of a bicycle provides a good initial indicator of bicycle handling. 
If a bicycle is self-stable, then it requires very little rider input to keep the bicycle in an upright 
position. A rigid body model has been developed in the literature as a benchmark [1], which 
provides a reasonable description of the self-stability phenomenon of a bicycle. The benchmark 
model incorporates a rider in a casual riding position and a typical frame geometry, where the 
rider is integrated with the rear frame. There are some models in the existing literature with 
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increased complexity, for instance with elaborate tire models or with physical measurements of 
frame stiffness. 
Though there is a considerable amount of literature on bicycle stability, there are quite a 
few areas of study that need additional investigation. While some conventional rider positions 
have been analyzed in the literature, these are limited to the upright and relaxed positions. 
Some rider positions that are commonly adopted by professional cyclists have not been 
investigated in the literature. The bicycle is typically seen as a recreational object, however 
internationally the bicycle is a valid and crucial method of the transportation of goods. Cargo 
bicycles with their higher mass and inertia have not been studied in the existing literature.. 
This thesis seeks to answer the following questions: 
1. What is the influence of different rider positions on the straight-line self-stability of 
bicycles? What are the stability characteristics of a Cargo bicycle, and how do these 
characteristics change with an additional load and different rider positions? 
2. How does frame stiffness effect the self-stability of a conventional and cargo bicycle? 
How does self-stability change with different frame stiffness and rider positions? 
1.1 Scope of Thesis 
This thesis examines the influence of frame stiffness and rider positions on the self-
stability of a bicycle. This study uses the linearized equations of motion as derived in the 
benchmark bicycle paper [1] and modifies them suitably to accommodate different rider 
positions and different frame stiffness. Two bicycles, a Jamis Satellite and a Cargo bicycle, are 
used for measurements and then modeled with CAD. These measurements and published data 
are used to reproduce the results in the literature. All the rigid rider models are then assembled 
in the CAD model to represent the full range of rider positions, and in order to compute the 
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mass and inertia data needed for the simulations. Finite element models of the rear frames are 
developed to calculate the equivalent stiffness matrices of the frame. Three different materials 
are used for the rear frame: steel, aluminum and titanium. Modal analysis of the rear frames is 
also performed to identify the first ten natural modes. The benchmark model is suitably 
modified to incorporate the stiffness of the rear frame into the model. Eigenvalues and 
associated eigenvectors are calculated for a speed range of 0 to 30 m/s for all 72 bicycle 
permutations. Self-stability results are compared and conclusions are drawn about the influence 
of rider position, frame geometry and frame stiffness on the overall stability of the bicycle. 
1.2 Overview of Thesis 
This section provides an overview of the entire thesis document.  In Chapter 1, a brief 
introduction to bicycle modeling is provided. The overall background of the research is also 
provided in Chapter 1. This chapter also identifies the research questions and provides a 
chapter-by-chapter overview of the entire document. 
In Chapter 2, research studies relevant to bicycle dynamics are discussed, and gaps in 
the existing literature are identified. Assessment of rider positioning and testing of the frame 
structure are also covered. This chapter also provides an introduction to the advanced rider 
positions and the relatively modern Cargo bicycles. Literature on testing of the frame stiffness is 
discussed, along with the literature on stability studies for relatively compliant frames. 
Analytical methods used for evaluating stiffness are also briefly discussed in this chapter. 
Chapter 3 discusses the mathematical model governing bicycle dynamics and the 
parameters associated with this model. The equations of motion for the benchmark bicycle are 
discussed, as well as the modification of this model in order to accommodate different rider 
positions and varying frame stiffness. The measurements and parametric modeling of the two 
bicycles studied in this thesis are also discussed. The finite element model of the rear frames is 
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discussed along with the evaluation of the stiffness matrix. The finite element model is also used 
for modal analysis. Lastly, this chapter presents results from one simulation to establish model 
validity by comparing the results with the benchmark model. 
Chapter 4 provides simulation results for all rider positions for the Jamis and Cargo 
bikes. Results from eigenvalue analysis are tabulated and discussed in this chapter. The Cargo 
bike is simulated with and without load. 
In Chapter 5, the rider positions are simulated in conjunction with the varying frame 
stiffness. Resulting stability trends are discussed, and eigenvalue results are plotted and 
tabulated. Results of the modal analysis are also discussed for the different rear frames 
discussed in this chapter. 
Chapter 6 summarizes all the findings and the results presented in Chapters 3, 4 and 5. 
Trends associated with rider positions and frame stiffness are also summarized. The future 
scope of research for this study is also discussed in this chapter. 
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Chapter 2:  Literature Review 
The bicycle, though made of fewer components than a motorcycle or automobile, is a 
complex system to model accurately.  There have been numerous efforts through the 19th to 
21st century where researchers have attempted to accurately model all the dynamic 
characteristics of a bicycle. These research efforts have intertwined with the investigation of 
motorcycle dynamics since motorcycles and bicycles share many common characteristics, 
including governing equations of motion. Typically, the objective of this modeling has been to 
develop a baseline that can be used to comprehend the dynamic characteristics in terms of 
design parameters. These design parameters could then be tuned so as to enhance the handling 
and maneuvering characteristics of a bike. A purely objective quantification of handling 
capability can be challenging, however, use of an eigenvalue analysis can provide a means of 
comparing some of the critical dynamic characteristics. When all the eigenvalues of the system 
matrix, formulated from the equations of motion, are found to be simultaneously negative, the 
bicycle system is considered to be self-stable. This implies that at some determined forward 
speed, the bicycle will remain in an upright position without any external inputs. Not being self-
stable does not preclude a bicycle from being ride-worthy, nor does self-stability make the 
bicycle unresponsive [2].  The mechanism of self-stability is best explained through an analogy of 
balancing an inverted pendulum. As the pendulum tends to tip over, quickly moving the base in 
the direction of the tip prevents the pendulum from falling. In much the same way, when a 
bicycle tends to tip in a direction, the wheel also turns in the same direction. This causes the 
base of the bicycle to accelerate in the direction of the tip and right itself during certain self-
stable speeds [3].  Many different authors have examined specific aspects of bicycle stability, 
including elaborate tire modeling and models that incorporate rider control. However, the 
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literature discussed in this chapter is limited to rider positioning, frame architecture, and the 
influence of frame stiffness or compliance. 
The Whipple model is commonly recognized as a baseline model with a full set of 
linearized equations of motion for an uncontrolled bicycle [4]. This model consists of a rigid 
front frame, rear frame with rider, and two knife-edge wheels. This model has been used and 
revised by researchers including Carvallo [5], Döhring [6], Weir [7], Sharp [8], and Hand [9] to 
name a few. These revisions, coupled with additional hand derivations by Papadopoulos [10], 
form the basis of the model commonly referred to as the benchmark bicycle [1]. Addition of 
parameters to the governing equations of motion of the benchmark bicycle to develop a more 
accurate two-wheeled vehicle model forms a majority of the simulations that have been 
performed in the literature. 
2.1 Rider and Frame Permutations 
The influence of a rider and the geometry of the frame have been discussed throughout 
the literature. The rider accounts for approximately 90% of the total mass, and thus has the 
potential to significantly affect the overall dynamic characteristics. In 1975, Godthelp and Buist 
created a bicycle whose parameters could be changed, and they concluded that all bicycles have 
the same high-speed stability, but it was observed that rider position was a dominant parameter 
for low speed maneuverability [11]. The Whipple model and benchmark paper uses a rigid rider 
exclusively, where the rider is a part of the rear frame [1] [12] [4]. Additionally, it is reported in 
the literature that most stabilizing actions arise from steering, and leaning is not found to be 
significant [13-16]. [13] [14] [15] [16]  
Rider mobility has been incorporated in a number of studies. A passive upright rider 
with multiple joints has been shown to have a significant influence on stability as compared to a 
rigid upright rider [15]. Cossalter et al. [17] determined that adding rider mobility, leaning and 
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lateral displacement, stabilizes the wobble at low speed and the weave mode at high speed. 
When changing to a steady turn condition, a rider lean-out body position increases stability of 
the weave mode, and an increase in stiffness and damping of the rider’s arms is also seen to 
have a stabilizing influence on the weave mode [18] [19]. Wobble is also seen to be highly 
influenced by mass properties of the rider, and it has been observed that a soft grip on the 
handlebar can be used to mitigate wobble [20]. From most of the cases reported in the 
literature, it can be observed that a rigid rider integrated with the rear frame provides a good 
approximation of the dynamic model, but adding the mass of the arms to the handlebars is seen 
as being influential. 
In order to incorporate a rider model in the dynamic simulation for a bike, typical 
measurements are taken for main parts of the body of a rider and each body part is assigned an 
appropriate mass and volume [21]. To find inertia parameters of complex bicycle geometries, 
timed oscillations of suspended parts have been used in the literature [22]. One particular study 
by Döhring even used a large measurement table to identify the combined bicycle and rider 
centers of mass and inertia [23]. In addition to the rider model, many other parameters of a 
bicycle have also been studied in the literature, particularly with regards to their influence on 
stability. Moore developed a simulation program in MATLAB® in order to generate a model that 
incorporates multiple parameters from nodal coordinates [24]. Some of the significant 
influences reported by Moore included attributes such as a greater wheel size increasing low 
speed self-stability, a steeper head tube angle decreasing the critical weave speed and 
increasing the capsize speed, and an increased trail or wheelbase increasing the critical speed 
for weave and capsize. Some studies on motorcycle dynamics have also been relevant to 
bicycles. For instance, Sharp found that for motorcycles, movement of the rear frame mass 
either forward toward the steering or lower toward ground provided damping benefits [8]. In 
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another study, a series of eight different bicycles were tested and the eigenvalue plots were 
seen to demonstrate noticeable difference [25]. Kooijman et al. demonstrated that it was 
possible to have self-stability without gyroscopic or caster effects [3]. They found that to change 
stability, lean needed to be coupled to steer through any combination of trail, spin momentum, 
steer axis tilt, mass locations, and inertia locations. It was reasoned that since bicycle design has 
been evolutionary, there may be undiscovered self-stable bicycle designs. 
2.2 Frame Stiffness 
In the process of refining the dynamic model of a bicycle and a motorcycle, several 
studies have focused on quantifying and including stiffness of the rear frame and the steering 
system into the model. Most of these studies involve the use of multibody simulation software, 
typically using an elaborate tire model to include the phenomenon of wobble mode. Some older 
motorcycle models used torsional stiffness that was measured statically [26] [27]. In the case of 
Sharp et al. [22], an assumed torsional stiffness of 105 Nm/rad was selected as a multiple of the 
earlier measurements to account for technological changes in the frame design over the years, 
though nothing was physically measured. It was concluded that torsional stiffness of the frame 
is necessary to be included in the calculations. Cossalter et al. [28] performed laboratory testing 
of a motorcycle and a scooter, and found that torsional deformations dominated the structural 
modes and that higher frequencies were mostly associated with modern motorcycles. Due to 
the results from torsional deformations, it was concluded that compliance could affect stability 
characteristics. 
In 2006, Limebeer and Sharp modeled bicycle frame flexibility with a parallel spring-
damper in a twisting axis perpendicular to the steering axis, with low and high stiffness values of 
2,000 Nm/rad and 10,000 Nm/rad. It was found that frame compliance damped the weave 
mode and contributed toward lowering the natural frequencies [29]. As a continuation of this 
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study, Limebeer and Sharma used the compliant frame model and applied it to an accelerating 
bicycle [30]. In 2007, Cossalter et al. did a study that was primarily focused on comprehending 
the wobble mode of a scooter. A twelve degree of freedom linear model was used and included 
rider mobility, an advanced tire model, and a lumped rotational spring to represent the front 
fork and swing arm of a motorcycle. Stiffness and damping for the components were measured 
through laboratory testing, and it was found that compliance in the front fork introduced an 
additional gyroscopic torque and increased wobble damping at higher speeds. Greater torsional 
stiffness of the frame showed an increase in wobble frequency across all speeds and an increase 
in stability [17]. Kooijman et al. performed testing of a rider-less bicycle and found that frame 
stiffness was negligible as far as stability is concerned [31].  During the same period, Sharp 
claimed that a reasonable stiffness of the rear frame can be quantified as 7000 Nm/rad, but also 
performed stability analysis at several different stiffness values and damping coefficients [32]. 
Lake et al. summarized the findings in the literature and stated that frame compliance reduces 
wobble and weave speed, with the wobble mode being particularly sensitive to compliance. It 
was also stated that torsional stiffness is more significant than the lateral stiffness, as far as the 
wobble mode is concerned [33]. 
Doria and Taraborrelli used modal hammer testing to excite out of plane modes on 
bicycles with different frame structures including steel, 7000 series aluminum with carbon fork 
and seat stays, carbon monocoque, and a banded carbon frame. They found the first nine 
modes up to 125 Hz for the entire bicycle system, and noted that a change in material 
composition directly resulted in the changing of mode shapes and frequencies, which they 
hypothesized could affect stability [34]. Magnani et al. found that shimmy frequency is related 
to the natural frequency of the bicycle, for the boundary condition represented by the contact 
points with the ground being fixed and the seat being fixed laterally [35]. In 2015, Cossalter et al. 
10 
 
 
 
investigated the front frame flexibility of motorcycles utilizing physical measurements and a 
lumped mass model [36]. 
These studies have primarily used physical testing to determine stiffness of the rear 
frame structure. It is also possible to derive equivalent stiffness through analytical methods such 
as finite element analysis. In one such attempt to incorporate the influence of frame stiffness 
into the vibration isolation model for a motorcycle, Kaul [37] developed modified equations of 
motion that use the equivalent stiffness matrix of the frame from a finite element model. The 
equivalent stiffness matrix was evaluated in terms of the nodes that are attached to the 
isolation system. 
2.3 Conclusions 
Though there has been a considerable amount of research into bicycle and motorcycle 
dynamics, there are quite a few areas of study that need further investigation. It can also be 
pointed out that motorcycles make up a majority of the research in two-wheeled studies, 
especially the research involving frame compliance. While some rider positions have been 
tested and investigated in the literature, these positions are typically limited to the upright and 
relaxed positions. Many rider positions that are commonly adopted by professional bicycle 
riders for aerodynamics and control have yet to be investigated in the literature. Additionally, 
cargo bicycles represent a modern trend with a relatively high mass and inertia that has not 
been studied in the literature. Bicycle frame compliance is typically assumed without 
characterization, which may not accurately represent the lateral and torsional stiffness of the 
rear frame. 
This thesis attempts to fill the gap in the existing literature by presenting analytical 
results from a study that includes an evaluation of several rider positions on three distinct 
bicycle layouts. The influence of frame flexibility is also assessed by integrating a model of the 
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structural stiffness of the rear frame with the governing equations of motion. The structural 
stiffness is computed in terms of equivalent stiffness from a finite element model of the rear 
frame. The mathematical model and the rider positions are presented in Chapter 3. Chapter 4 
presents analysis results for multiple rider positions, and compares the results with the 
benchmark bicycle. The results from an investigation of frame flexibility are presented in 
Chapter 5, and Chapter 6 lists the conclusions and scope for future work. 
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Chapter 3:  Theoretical Background 
Analytical models provide a valuable means of comprehending the dynamic 
characteristics of two-wheeled systems such as motorcycles and bicycles. This chapter provides 
the theoretical background and the mathematical model used for analysis in this study. The 
geometrical model and the modeling assumptions are also discussed in this chapter. 
3.1 Mathematical Modeling 
This study focuses on the straight-line stability of a bicycle, using a benchmark model 
that is commonly called the Whipple model [12] [1] in the existing literature. An outline of this 
model is shown in Fig. 3-1. As per the Whipple model, the wheels of the bicycle are allowed to 
have a thickness, but the ground contact is modeled as a knife-edge. True tire behavior is 
ignored so that the tire has a rolling point contact without any slip or any tire deformation. 
Additionally, this model does not allow for any rider motion relative to the frame and all joint 
friction is ignored. The bicycle is oriented such that the contact patch of the rear wheel is 
coincident with the coordinate system, as shown in Fig. 3-1. Movement of the bicycle is 
described by rotations about the x-axis (indicated by 𝜑𝜑) and the steering axis (indicated by 𝛿𝛿). 
The wheelbase (w) is defined as the distance between the front and rear hub. The fork offset 
and head tube angle (α) can be rewritten in terms of the tilt of the steering axis and the trail (t ). 
Including the mass and mass moments of inertia for the rear frame, front frame, rear and front 
wheels, yields the complete model that can be used for analysis. A list of parameters associated 
with this mathematical model is provided in Table 3-1. 
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Figure 3-1: Bicycle model with coordinate system 
 
 
Table 3-1: List of bicycle parameters 
Parameter Symbol 
Wheel base 𝑤𝑤 
Trail  𝑡𝑡 
Steer axis tilt 𝜆𝜆 
Gravity 𝑔𝑔 
Forward speed 𝜈𝜈 
Rear wheel radius 𝑅𝑅𝑟𝑟𝑟𝑟 
Rear wheel mass 𝑚𝑚𝑟𝑟𝑟𝑟 
Rear wheel mass moments of inertia (𝐴𝐴𝑥𝑥𝑥𝑥 ,𝐴𝐴𝑦𝑦𝑦𝑦,𝐴𝐴𝑧𝑧𝑧𝑧) 
Rear frame position center of mass (𝑥𝑥𝑟𝑟𝑟𝑟 ,𝑦𝑦𝑟𝑟𝑟𝑟 , 𝑧𝑧𝑟𝑟𝑟𝑟) 
Rear frame mass 𝑚𝑚𝑟𝑟𝑟𝑟 
Rear frame mass moments of inertia (𝐵𝐵𝑥𝑥𝑥𝑥 ,𝐵𝐵𝑦𝑦𝑦𝑦,𝐵𝐵𝑥𝑥𝑧𝑧,𝐵𝐵𝑧𝑧𝑧𝑧) 
Front frame position center of mass (𝑥𝑥𝑟𝑟𝑟𝑟 ,𝑦𝑦𝑟𝑟𝑟𝑟 , 𝑧𝑧𝑟𝑟𝑟𝑟) 
Front frame mass 𝑚𝑚𝑟𝑟𝑟𝑟 
Front frame mass moments of inertia (𝐶𝐶𝑥𝑥𝑥𝑥,𝐶𝐶𝑦𝑦𝑦𝑦,𝐶𝐶𝑥𝑥𝑧𝑧,𝐶𝐶𝑧𝑧𝑧𝑧) 
Front wheel radius 𝑅𝑅𝑟𝑟𝑟𝑟 
Front wheel mass 𝑚𝑚𝑟𝑟𝑟𝑟 
Front wheel mass moments of inertia (𝐷𝐷𝑥𝑥𝑥𝑥,𝐷𝐷𝑦𝑦𝑦𝑦,𝐷𝐷𝑧𝑧𝑧𝑧) 
 
The benchmark model consist of four rigid bodies: the rear frame, the front frame, the 
front wheel and the rear wheel. The frame is assumed as symmetric about the XZ plane, this 
results in the cross terms of the associated inertias for the rigid bodies to be zero. The front 
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frame consists of the front fork and the handlebar assembly whereas the rear frame consists of 
the bicycle frame and rider. The overall state space form of the model is as follows: 
?̇?𝑋 = 𝐴𝐴𝑋𝑋 + 𝐵𝐵𝐵𝐵 + 𝐻𝐻𝐻𝐻 (3.1) 
The complete description of the model in Eq. (3.1) with the variables shown in Fig. 3-1 and Table 
3-1 is: 
�
?̇?𝜑
?̇?𝛿
?̈?𝜑
?̈?𝛿
� = � 02×2 𝐼𝐼2×2
−𝑀𝑀−1𝐾𝐾 −𝑀𝑀−1𝐶𝐶
� �
𝜑𝜑
𝛿𝛿
?̇?𝜑
?̇?𝛿
� + � 0 00 0
𝑀𝑀−10 0𝑀𝑀−1� �𝑀𝑀𝜑𝜑𝑀𝑀𝛿𝛿� (3.2) 
In Eq. (3.2), 02x2 is a zero matrix and I2x2 is an identity matrix. The derivation of the linearized 
equations of motion for the bicycle system was first provided by Papadopoulos [10], and has 
been further developed in the relevant literature [12] [1] of bicycle dynamics. The governing 
equations of motion (EOM) of the model can be specifically expressed in terms of the lean angle 
𝜑𝜑 and steer angle 𝛿𝛿 as: 
𝑀𝑀11?̈?𝜑 + 𝑀𝑀12?̈?𝛿 + 𝐶𝐶112𝜈𝜈?̇?𝛿 + 𝐾𝐾011𝜑𝜑 + (𝐾𝐾012 + 𝐾𝐾212𝜈𝜈2)𝛿𝛿 = 𝑀𝑀𝜑𝜑 
𝑀𝑀21?̈?𝜑 + 𝑀𝑀22?̈?𝛿 + 𝐶𝐶112𝜈𝜈?̇?𝜑 + 𝐶𝐶122𝜈𝜈?̇?𝛿 + 𝐾𝐾021𝜑𝜑 + (𝐾𝐾022 + 𝐾𝐾222𝜈𝜈2)𝛿𝛿 = 𝑀𝑀𝛿𝛿 (3.3) 
In Eq. (3.3), M11, M12, M21 and M22 are the elements of the overall mass matrix (M), C111, C112, 
C121 and C122 are the elements of the overall damping matrix (C), and K011, K012, K021, K022, K211, 
K212, K221, K222 are elements of the stiffness matrix (K), as seen in Eq. (3.2). In the benchmark 
model, the rider is combined with the rear frame, but in this study the rider model is separated 
from the rear frame. This will be discussed further in the subsequent sections. As a result, the 
total mass of the rear frame is the sum of both masses, that is the rider, 𝑚𝑚𝑟𝑟𝑟𝑟𝑟𝑟, and the rear 
frame, 𝑚𝑚𝑟𝑟𝑟𝑟𝑟𝑟, as shown below: 
  𝑚𝑚𝑟𝑟𝑟𝑟 =  𝑚𝑚𝑟𝑟𝑟𝑟𝑟𝑟 + 𝑚𝑚𝑟𝑟𝑟𝑟𝑟𝑟  (3.4) 
The location of the center of mass for the rear frame can be calculated as follows: 
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𝑥𝑥𝑟𝑟𝑟𝑟 = 𝑚𝑚𝑟𝑟𝑟𝑟𝑟𝑟𝑥𝑥𝑟𝑟𝑟𝑟𝑟𝑟 + 𝑚𝑚𝑟𝑟𝑟𝑟𝑟𝑟𝑥𝑥𝑟𝑟𝑟𝑟𝑟𝑟𝑚𝑚𝑟𝑟𝑟𝑟  
𝑧𝑧𝑟𝑟𝑟𝑟 = 𝑚𝑚𝑟𝑟𝑟𝑟𝑟𝑟𝑧𝑧𝑟𝑟𝑟𝑟𝑟𝑟 + 𝑚𝑚𝑟𝑟𝑟𝑟𝑟𝑟𝑧𝑧𝑟𝑟𝑟𝑟𝑟𝑟𝑚𝑚𝑟𝑟𝑟𝑟  (3.5) 
Since the rider and the rear frame are in the same reference coordinate system, their total mass 
moment of inertia can be superposed in the coordinate system as: 
𝐵𝐵𝑥𝑥𝑥𝑥 = 𝐵𝐵𝑥𝑥𝑥𝑥𝑟𝑟 + 𝐵𝐵𝑥𝑥𝑥𝑥𝑟𝑟 
𝐵𝐵𝑥𝑥𝑧𝑧 = 𝐵𝐵𝑥𝑥𝑧𝑧𝑟𝑟 + 𝐵𝐵𝑥𝑥𝑧𝑧𝑟𝑟  
𝐵𝐵𝑦𝑦𝑦𝑦 = 𝐵𝐵𝑦𝑦𝑦𝑦𝑟𝑟 + 𝐵𝐵𝑦𝑦𝑦𝑦𝑟𝑟 
𝐵𝐵𝑧𝑧𝑧𝑧 = 𝐵𝐵𝑧𝑧𝑧𝑧𝑟𝑟 + 𝐵𝐵𝑧𝑧𝑧𝑧𝑟𝑟 
(3.6) 
The mass of the entire bicycle, 𝑚𝑚𝑡𝑡, is the sum of all the individual masses including the mass of 
rear wheel 𝑚𝑚𝑟𝑟𝑟𝑟, mass of the rider 𝑚𝑚𝑟𝑟, mass of the rear frame  𝑚𝑚𝑟𝑟𝑟𝑟, mass of the front frame 
𝑚𝑚𝑟𝑟𝑟𝑟, and mass of the front wheel 𝑚𝑚𝑟𝑟𝑟𝑟 as shown below: 
𝑚𝑚𝑡𝑡 =  𝑚𝑚𝑟𝑟𝑟𝑟 + 𝑚𝑚𝑟𝑟 +  𝑚𝑚𝑟𝑟𝑟𝑟 +  𝑚𝑚𝑟𝑟𝑟𝑟 + 𝑚𝑚𝑟𝑟𝑟𝑟 (3.7) 
The modified center of mass of the entire system consisting of all the separate masses can be 
expressed as follows: 
𝑥𝑥𝑡𝑡 = 𝑥𝑥𝑟𝑟𝑟𝑟𝑚𝑚𝑟𝑟𝑟𝑟 + 𝑥𝑥𝑟𝑟𝑟𝑟𝑚𝑚𝑟𝑟𝑟𝑟 + 𝑤𝑤𝑚𝑚𝑟𝑟𝑟𝑟𝑚𝑚𝑡𝑡  
𝑧𝑧𝑡𝑡 = −𝑅𝑅𝑟𝑟𝑟𝑟𝑚𝑚𝑟𝑟𝑟𝑟 + 𝑧𝑧𝑟𝑟𝑟𝑟𝑚𝑚𝑟𝑟𝑟𝑟 − 𝑅𝑅𝑟𝑟𝑟𝑟𝑚𝑚𝑟𝑟𝑟𝑟𝑚𝑚𝑡𝑡  (3.8) 
In Eq. (3.8), xt and zt are the coordinates of the center of mass of the entire bicycle in the XZ 
coordinate system. The same procedure can be repeated to determine the mass of the front 
frame and the location of its corresponding center of mass, as shown below: 
𝑚𝑚𝑟𝑟 = 𝑚𝑚𝑟𝑟𝑟𝑟 + 𝑚𝑚𝑟𝑟𝑟𝑟 (3.9) 
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𝑥𝑥𝑟𝑟 = 𝑥𝑥𝑟𝑟𝑟𝑟𝑚𝑚𝑟𝑟𝑟𝑟 + 𝑤𝑤𝑚𝑚𝑟𝑟𝑟𝑟𝑚𝑚𝑟𝑟  
𝑧𝑧𝑟𝑟 = 𝑧𝑧𝑟𝑟𝑟𝑟𝑚𝑚𝑟𝑟𝑟𝑟 − 𝑅𝑅𝑟𝑟𝑟𝑟𝑚𝑚𝑟𝑟𝑟𝑟𝑚𝑚𝑟𝑟  (3.10) 
The head tube angle 𝛼𝛼, needs to be expressed in terms of the steer axis tilt with respect 
to the z-axis as: 
𝜆𝜆 = 𝜋𝜋2 − 𝛼𝛼 (3.11) 
 
In Eq. (3.11), λ is the angle of the steering axis. The mass, stiffness, and damping matrices 
consist of terms using mass, inertia and location parameters [1].  The components of these 
matrices are expressed in terms of the parameters laid out in Table 3.1, and are used in the 
mathematical model that has been developed in MATLAB® [38]. The overall mass matrix is as 
follows: 
𝑀𝑀 = �𝑀𝑀11 𝑀𝑀12𝑀𝑀21 𝑀𝑀22� (3.12) 
The terms of the mass matrix are listed below and can be directly referenced from the 
literature [1]: 
 
𝑀𝑀11 = 𝐴𝐴𝑥𝑥𝑥𝑥 + 𝐵𝐵𝑥𝑥𝑥𝑥 + 𝐶𝐶𝑥𝑥𝑥𝑥 + 𝐷𝐷𝑥𝑥𝑥𝑥 + 𝑚𝑚𝑟𝑟𝑟𝑟𝑅𝑅𝑟𝑟𝑟𝑟2 + 𝑚𝑚𝑟𝑟𝑟𝑟𝑧𝑧𝑟𝑟𝑟𝑟2 + 𝑚𝑚𝑟𝑟𝑟𝑟𝑧𝑧𝑟𝑟𝑟𝑟2 + 𝑚𝑚𝑟𝑟𝑟𝑟𝑅𝑅𝑟𝑟𝑟𝑟2 (3.13) 
 
𝑀𝑀12 = −𝑚𝑚𝑟𝑟𝑧𝑧𝑟𝑟��𝑥𝑥𝑟𝑟 − 𝑤𝑤 − 𝑡𝑡� cos 𝜆𝜆 − 𝑧𝑧𝑟𝑟 sin 𝜆𝜆�+ sin𝜆𝜆 �𝐶𝐶𝑥𝑥𝑥𝑥 + 𝐷𝐷𝑥𝑥𝑥𝑥 + 𝑚𝑚𝑟𝑟𝑟𝑟�𝑧𝑧𝑟𝑟𝑟𝑟 − 𝑧𝑧𝑟𝑟𝑟𝑟�2 + 𝑚𝑚𝑟𝑟𝑟𝑟�𝑅𝑅𝑟𝑟𝑟𝑟 + 𝑧𝑧𝑟𝑟�2�+ cos 𝜆𝜆 �𝐶𝐶𝑥𝑥𝑧𝑧 − 𝑚𝑚𝑟𝑟𝑟𝑟�𝑥𝑥𝑟𝑟𝑟𝑟 − 𝑥𝑥𝑟𝑟��𝑧𝑧𝑟𝑟𝑟𝑟 − 𝑧𝑧𝑟𝑟� + 𝑚𝑚𝑟𝑟𝑟𝑟�𝑤𝑤 − 𝑥𝑥𝑟𝑟��𝑅𝑅𝑟𝑟𝑟𝑟 + 𝑧𝑧𝑟𝑟��
+ 𝑡𝑡 cos𝜆𝜆
𝑤𝑤
�𝐵𝐵𝑥𝑥𝑧𝑧 + 𝐶𝐶𝑥𝑥𝑧𝑧 −𝑚𝑚𝑟𝑟𝑟𝑟𝑥𝑥𝑟𝑟𝑟𝑟𝑧𝑧𝑟𝑟𝑟𝑟 − 𝑚𝑚𝑟𝑟𝑟𝑟𝑥𝑥𝑟𝑟𝑟𝑟𝑧𝑧𝑟𝑟𝑟𝑟 + 𝑚𝑚𝑟𝑟𝑟𝑟𝑤𝑤𝑅𝑅𝑟𝑟𝑟𝑟� 
(3.14) 
 
𝑀𝑀21 = 𝑀𝑀12 (3.15) 
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𝑀𝑀22 = 𝑚𝑚𝑟𝑟��𝑥𝑥𝑟𝑟 − 𝑤𝑤 − 𝑡𝑡� cos 𝜆𝜆 − 𝑧𝑧𝑟𝑟 sin 𝜆𝜆�2+ sin2 𝜆𝜆 �𝐶𝐶𝑥𝑥𝑥𝑥 + 𝐷𝐷𝑥𝑥𝑥𝑥 + 𝑚𝑚𝑟𝑟𝑟𝑟�𝑧𝑧𝑟𝑟𝑟𝑟 − 𝑧𝑧𝑟𝑟�2 + 𝑚𝑚𝑟𝑟𝑟𝑟�𝑅𝑅𝑟𝑟𝑟𝑟 + 𝑧𝑧𝑟𝑟�2�+ sin 2𝜆𝜆�𝐶𝐶𝑥𝑥𝑧𝑧 −𝑚𝑚𝑟𝑟𝑟𝑟�𝑥𝑥𝑟𝑟𝑟𝑟 − 𝑥𝑥𝑟𝑟��𝑧𝑧𝑟𝑟𝑟𝑟 − 𝑧𝑧𝑟𝑟� + 𝑚𝑚𝑟𝑟𝑟𝑟�𝑤𝑤 − 𝑥𝑥𝑟𝑟��𝑅𝑅𝑟𝑟𝑟𝑟 + 𝑧𝑧𝑟𝑟��+ cos2 𝜆𝜆 �𝐶𝐶𝑧𝑧𝑧𝑧 + 𝐷𝐷𝑧𝑧𝑧𝑧 + 𝑚𝑚𝑟𝑟𝑟𝑟�𝑥𝑥𝑟𝑟𝑟𝑟−𝑥𝑥𝑟𝑟�2 + 𝑚𝑚𝑟𝑟𝑟𝑟�𝑤𝑤 − 𝑥𝑥𝑟𝑟�2�
+ 2𝑡𝑡 cos𝜆𝜆
𝑤𝑤
�𝑚𝑚𝑟𝑟𝑥𝑥𝑟𝑟�𝑥𝑥𝑟𝑟 − 𝑤𝑤 − 𝑡𝑡� cos 𝜆𝜆 −𝑚𝑚𝑟𝑟𝑥𝑥𝑟𝑟𝑧𝑧𝑟𝑟 sin 𝜆𝜆�
+ 𝑡𝑡 sin 2𝜆𝜆
𝑤𝑤
�𝐶𝐶𝑥𝑥𝑧𝑧 −𝑚𝑚𝑟𝑟𝑟𝑟�𝑥𝑥𝑟𝑟𝑟𝑟 − 𝑥𝑥𝑟𝑟��𝑧𝑧𝑟𝑟𝑟𝑟 − 𝑧𝑧𝑟𝑟� + 𝑚𝑚𝑟𝑟𝑟𝑟�𝑤𝑤 − 𝑥𝑥𝑟𝑟��𝑅𝑅𝑟𝑟𝑟𝑟 + 𝑧𝑧𝑟𝑟��
+ 2𝑡𝑡 cos2 𝜆𝜆
𝑤𝑤
�𝐶𝐶𝑧𝑧𝑧𝑧 + 𝐷𝐷𝑧𝑧𝑧𝑧 + 𝑚𝑚𝑟𝑟𝑟𝑟�𝑥𝑥𝑟𝑟𝑟𝑟 − 𝑥𝑥𝑟𝑟�2 + 𝑚𝑚𝑟𝑟𝑟𝑟�𝑤𝑤 − 𝑥𝑥𝑟𝑟�2�
+ 𝑡𝑡2 cos2 𝜆𝜆
𝑤𝑤2
�𝐴𝐴𝑧𝑧𝑧𝑧 + 𝐵𝐵𝑧𝑧𝑧𝑧 + 𝐶𝐶𝑧𝑧𝑧𝑧 + 𝐷𝐷𝑧𝑧𝑧𝑧 + 𝑚𝑚𝑟𝑟𝑟𝑟𝑥𝑥𝑟𝑟𝑟𝑟2 + 𝑚𝑚𝑟𝑟𝑟𝑟𝑥𝑥𝑟𝑟𝑟𝑟2 + 𝑚𝑚𝑟𝑟𝑟𝑟𝑤𝑤2� 
(3.16) 
 
The damping matrix is expressed as: 
𝐶𝐶 = 𝐶𝐶1𝐵𝐵 = �𝐶𝐶111 𝐶𝐶112𝐶𝐶121 𝐶𝐶122� 𝜈𝜈 (3.17) 
In Eq. (3.17), v is the speed of the bicycle, and the terms of the damping matrix are as follows: 
𝐶𝐶111 = 0 (3.18) 
 
𝐶𝐶112 = 𝑡𝑡 cos 𝜆𝜆𝑤𝑤 �𝐴𝐴𝑦𝑦𝑦𝑦𝑅𝑅𝑟𝑟𝑟𝑟 + 𝐷𝐷𝑦𝑦𝑦𝑦𝑅𝑅𝑟𝑟𝑟𝑟� + 𝐷𝐷𝑦𝑦𝑦𝑦 cos 𝜆𝜆𝑅𝑅𝑟𝑟𝑟𝑟+ �𝐵𝐵𝑥𝑥𝑧𝑧 + 𝐶𝐶𝑥𝑥𝑧𝑧 − 𝑚𝑚𝑟𝑟𝑟𝑟𝑥𝑥𝑟𝑟𝑟𝑟𝑧𝑧𝑟𝑟𝑟𝑟 −𝑚𝑚𝑟𝑟𝑟𝑟𝑥𝑥𝑟𝑟𝑟𝑟𝑧𝑧𝑟𝑟𝑟𝑟 + 𝑚𝑚𝑟𝑟𝑟𝑟𝑤𝑤𝑅𝑅𝑟𝑟𝑟𝑟� cos 𝜆𝜆𝑤𝑤
−
𝑡𝑡 cos𝜆𝜆𝑚𝑚𝑡𝑡𝑧𝑧𝑡𝑡
𝑤𝑤
 
(3.19) 
 
𝐶𝐶121 = −𝑡𝑡 cos 𝜆𝜆𝑤𝑤 �𝐴𝐴𝑦𝑦𝑦𝑦𝑅𝑅𝑟𝑟𝑟𝑟 + 𝐷𝐷𝑦𝑦𝑦𝑦𝑅𝑅𝑟𝑟𝑟𝑟� − 𝐷𝐷𝑦𝑦𝑦𝑦 cos𝜆𝜆𝑅𝑅𝑟𝑟𝑟𝑟  (3.20) 
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𝐶𝐶122 = cos 𝜆𝜆𝑤𝑤 𝑚𝑚𝑟𝑟 ��𝑥𝑥𝑟𝑟 − 𝑤𝑤 − 𝑡𝑡� cos 𝜆𝜆 − 𝑧𝑧𝑟𝑟 sin𝜆𝜆� 𝑥𝑥𝑟𝑟+ cos 𝜆𝜆 sin𝜆𝜆
𝑤𝑤
�𝐶𝐶𝑥𝑥𝑧𝑧 − 𝑚𝑚𝑟𝑟𝑟𝑟�𝑥𝑥𝑟𝑟𝑟𝑟 − 𝑥𝑥𝑟𝑟��𝑧𝑧𝑟𝑟𝑟𝑟 − 𝑧𝑧𝑟𝑟�
+ 𝑚𝑚𝑟𝑟𝑟𝑟�𝑤𝑤 − 𝑥𝑥𝑟𝑟��𝑅𝑅𝑟𝑟𝑟𝑟 + 𝑧𝑧𝑟𝑟��
+ cos2 𝜆𝜆
𝑤𝑤
�𝐶𝐶𝑧𝑧𝑧𝑧 + 𝐷𝐷𝑧𝑧𝑧𝑧 + 𝑚𝑚𝑟𝑟𝑟𝑟�𝑥𝑥𝑟𝑟𝑟𝑟 − 𝑥𝑥𝑟𝑟�2 + 𝑚𝑚𝑟𝑟𝑟𝑟�𝑤𝑤 − 𝑥𝑥𝑟𝑟�2�
+ 𝑡𝑡2 cos2 𝜆𝜆
𝑤𝑤2
𝑚𝑚𝑡𝑡𝑥𝑥𝑡𝑡 + 𝑡𝑡 cos𝜆𝜆𝑤𝑤 𝑚𝑚𝑟𝑟 ��𝑥𝑥𝑟𝑟 − 𝑤𝑤 − 𝑡𝑡� cos𝜆𝜆 − 𝑧𝑧𝑟𝑟 sin𝜆𝜆�
+ 𝑡𝑡 cos2 𝜆𝜆
𝑤𝑤2
�𝐴𝐴𝑧𝑧𝑧𝑧 + 𝐵𝐵𝑧𝑧𝑧𝑧 + 𝐶𝐶𝑧𝑧𝑧𝑧 + 𝐷𝐷𝑧𝑧𝑧𝑧 + 𝑚𝑚𝑟𝑟𝑟𝑟𝑥𝑥𝑟𝑟𝑟𝑟2 + 𝑚𝑚𝑟𝑟𝑟𝑟𝑥𝑥𝑟𝑟𝑟𝑟2 + 𝑚𝑚𝑟𝑟𝑟𝑟𝑤𝑤2� 
(3.21) 
Since K211 and K221 equal zero, the overall stiffness matrix can be expressed as: 
𝐾𝐾 = �𝐾𝐾011 𝐾𝐾012 + 𝐾𝐾212𝜈𝜈2
𝐾𝐾021 𝐾𝐾022 + 𝐾𝐾222𝜈𝜈2� (3.22) 
The terms of the stiffness matrix in Eq. (3.22) are as follows: 
𝐾𝐾011 = 𝑔𝑔𝑚𝑚𝑡𝑡𝑧𝑧𝑡𝑡 (3.23) 
𝐾𝐾012 + 𝐾𝐾212𝐵𝐵2 =  −𝑔𝑔�𝑚𝑚𝑟𝑟�𝑥𝑥𝑟𝑟 − 𝑤𝑤 − 𝑡𝑡� cos 𝜆𝜆 −𝑚𝑚𝑟𝑟𝑧𝑧𝑟𝑟 sin 𝜆𝜆 + 𝑡𝑡𝑚𝑚𝑡𝑡𝑥𝑥𝑡𝑡 cos 𝜆𝜆𝑤𝑤 �
+ �𝐴𝐴𝑦𝑦𝑦𝑦
𝑅𝑅𝑟𝑟𝑟𝑟
+ 𝐷𝐷𝑦𝑦𝑦𝑦
𝑅𝑅𝑟𝑟𝑟𝑟
−𝑚𝑚𝑡𝑡𝑧𝑧𝑡𝑡�
cos 𝜆𝜆 𝐵𝐵2
𝑤𝑤
 
(3.24) 
𝐾𝐾021 =  −𝑔𝑔 �𝑚𝑚𝑟𝑟�𝑥𝑥𝑟𝑟 − 𝑤𝑤 − 𝑡𝑡� cos 𝜆𝜆 −𝑚𝑚𝑟𝑟𝑧𝑧𝑟𝑟 sin𝜆𝜆 + 𝑡𝑡𝑚𝑚𝑡𝑡𝑥𝑥𝑡𝑡 cos 𝜆𝜆𝑤𝑤 � (3.25) 
𝐾𝐾022 + 𝐾𝐾222𝜈𝜈2 = −𝑔𝑔 sin𝜆𝜆 �𝑚𝑚𝑟𝑟�𝑥𝑥𝑟𝑟 − 𝑤𝑤 − 𝑡𝑡� cos 𝜆𝜆 −𝑚𝑚𝑟𝑟𝑧𝑧𝑟𝑟 sin𝜆𝜆 + 𝑡𝑡𝑚𝑚𝑡𝑡𝑥𝑥𝑡𝑡 cos𝜆𝜆𝑤𝑤 �
+ cos 𝜆𝜆
𝑤𝑤
�𝑚𝑚𝑟𝑟�𝑥𝑥𝑟𝑟 − 𝑤𝑤 − 𝑡𝑡� cos 𝜆𝜆 −𝑚𝑚𝑟𝑟𝑧𝑧𝑟𝑟 sin 𝜆𝜆 + 𝑡𝑡𝑚𝑚𝑡𝑡𝑥𝑥𝑡𝑡 cos 𝜆𝜆𝑤𝑤
+ 𝐷𝐷𝑦𝑦𝑦𝑦 sin𝜆𝜆
𝑅𝑅𝑟𝑟𝑟𝑟
�𝐵𝐵2 
(3.26) 
 
The elements of the stiffness matrix, K0ij, have been modified in this study in order to 
investigate the influence of the stiffness of the rear frame. For a flexible frame, the force-
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displacement relationship of the rear frame can be expressed in terms of the velocity-
independent portion of the stiffness matrix, where: 
𝐻𝐻 = 𝐾𝐾0𝑞𝑞𝑑𝑑 − 𝐾𝐾0𝑇𝑇𝑞𝑞 (3.27) 
In Eq. (3.27), 𝑞𝑞𝑑𝑑 = �𝜑𝜑𝛿𝛿� and 𝑞𝑞 = �𝜑𝜑1𝛿𝛿1 � where q is the displacement vector with rotational 
deflections of the rear frame at the attachment points. Using the finite element model of the 
frame, the force-displacement relationship can be alternatively expressed as: 
𝐻𝐻 = 𝑆𝑆𝑞𝑞 (3.28) 
In Eq. (3.28), S is the stiffness matrix. Equating the right hand side of Eq. (3.27) to Eq. (3.28), the 
displacement vector q can be expressed as: 
𝑞𝑞 = (𝐾𝐾0𝑇𝑇 + 𝑆𝑆)−1𝐾𝐾𝐾𝐾𝑞𝑞𝑑𝑑 (3.29) 
From Eq. (3.29), q can be substituted in Eq. (3.27), and the re-written equation can be expressed 
as: 
𝐻𝐻 = [𝐾𝐾0 −𝐾𝐾0𝑇𝑇(𝐾𝐾0𝑇𝑇 + 𝑆𝑆)−1𝐾𝐾0]𝑞𝑞𝑑𝑑 (3.30) 
 
Eq. (3.30) yields the modified stiffness matrix of the rear frame that can be used to directly 
account for frame flexibility. It may be noted that the literature for the benchmark model 
assumes that the frame is infinitely rigid [1]. Furthermore, for a very highly stiff rear frame, (𝐾𝐾0𝑇𝑇 + 𝑆𝑆)−1 approaches to a zero matrix, resulting in the original governing model in the 
existing literature: 𝐻𝐻 = 𝐾𝐾0𝑞𝑞𝑑𝑑, as can be seen by substitution in Eq. (3.30). This modified stiffness 
matrix has been incorporated into the governing model to directly account for the influence of 
frame flexibility. 
 The mathematical model presented in this section will be used for all the simulations in 
this study. The influence of frame flexibility will be evaluated by using the finite element model 
of the rear frame to quantify the model presented in this section. 
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3.2 Geometric Modeling 
This section presents the geometric models developed in this study in order to 
investigate the influence of the rider positions on bicycle dynamics. The section is divided into 
two parts to discuss the rider models as well as the frame models. All geometrical models 
presented in this section have been developed in PTC Creo Parametric ™ [39]. 
3.2.1 Rider Modeling 
In the bicycle model, the rider accounts for nearly 90% of the mass and inertia. It is, 
therefore, important to directly quantify inertia, mass, and centers of mass of different parts of 
body that can be used to develop the complete rider model. In order to comprehend the 
influence of rider positions, five distinct rider models have been used in this study. Modeling via 
constant volume shapes is complicated since human geometry is flexible. Direct subject 
measurement has been performed in the literature, where the resulting dimensions have been 
modeled as simplified cylinders, volumes, and cuboids [21] [15]. A similar approach has been 
adopted in this study. Instead of taking measurements from a particular rider, values have been 
adapted and adopted from multiple references for mean values of an adult male in the United 
States [40] [41] [42]. These values are listed in Table 3-2. 
Six major body parts: head, torso, upper arm, lower arm, thigh, and lower leg have been 
used to calculate the overall mass and inertia of the rider. Except for the torso, which has been 
represented with a trapezoidal shape, each body part has been approximated with a cylindrical 
shape of constant density. Using the resulting volume for each major body part, a density is 
assigned to match the mean mass values for each body part [40]. It may be noted that this 
approach does not represent all possible variations of riders. However, the rider model used in 
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this study provides a starting point to highlight the differences between rider positions and their 
influence on the dynamics of a bicycle. 
Table 3-2: Specifications and references for body parts 
 Mass (kg) 
Volume 
(10-3m3) 
Diameter 
(mm) 
Length 
(mm) Source for Dimensions 
Head 6.9 8.452 191 295  
D centiles for adult head circ. [42] 
L (19) stature  – (14) standing shoulder 
height  
Torso 41.05 36.489 253 x 253 253 x 366 466 
D1 (15)waist circumference/4  
D2 (22)bideltoid breadth – 2*upper arm 
diameter [41] 
L (3) sitting shoulder - (5) thigh 
clearance 
2x Upper 
Arm 2.3 2.893 109 310 
D mean midarm for males over 20 [41] 
L (3) sitting shoulder height – (4) sitting 
elbow height – lower arm width 
2x Lower 
Arm 1.9 2.530 82 479 
D {(22) bideltoid breath – (17) hip 
breadth}/2 
L (18) elbow functional reach 
2x Thigh 8.2 12.034 171 524 D thigh clearance height (5) L  (11) buttock-popliteal length  
2x Lower 
leg 4.7 3.257 96 450 
D (12) buttock-knee length – (11) 
buttock-popliteal length 
L (6) popliteal height 
Total 82.15 86.369    
 
All the parts have been modeled in PTC Creo Parametric™, and then combined in an assembly to 
represent each rider position. The locations of each of these parts for each respective rider 
position are listed below in Table 3-3. 
There are some variations in the rider positioning between the Jamis and Cargo bicycle 
models used in this study. The differences in the seat and handlebar locations are negligible, 
since both of these parameters are easily adjusted on nearly all bicycles. This also allows the 
Jamis frame to be used as a reference to arrange each of the rider models. As stated earlier, 
since the rider can be independent of the frame model, different rider positions can be easily 
swapped between frames in the mathematical model.  It may be noted that the mathematical 
22 
 
 
 
model assumes symmetry about the XZ plane. Typically, the foot positions would be staggered 
in a coasting situation or in a continuous motion about the crank. 
Table 3-3: Rider body part positioning values 
 Location* No Hands Relaxed On Hoods Aerobars Aero Tuck  
Head 
X (m) 0.200 0.402 0.723 0.998 1.034 
Y (m) 0.000 0.000 0.000 0.000 0.000 
Z (m) 1.922 -1.895 -1.675 -1.357 -1.133 
Angle** 0.000 15.362 39.413 71.137 73.809 
Torso 
X (m) 0.200 0.323 0.586 0.719 0.750 
Y (m) 0.000 0.000 0.000 0.000 0.000 
Z (m) -1.627 -1.610 -1.447 -1.261 -1.050 
Angle** 0 15.362 39.413 71.137 73.809 
Upper 
Arm 
X (m) 0.200 0.322 0.582 0.686 0.746 
Y (m) ±0.238 ±0.238 ±0.238 ±0.150 ±0.100 
Z (m) -1.627 -1.609 -1.448 -1.297 -1.107 
Angle** 0.000 -20.251 -10.025 -10.025 26.831 
Lower 
Arm 
X (m) 0.200 0.450 0.593 0.690 0.477 
Y (m) ±0.238 ±0.238 ±0.238 ±0.100 ±0.050 
Z (m) -1.317 -1.312 -1.137 -1.009 -0.850 
Angle** 0.000 -48.829 -69.846 -88.668 -84.179 
Thigh 
X (m) 0.153 0.153 0.153 0.153 0.281 
Y (m) ±0.086 ±0.086 ±0.086 ±0.086 ±0.086 
Z (m) -1.084 -1.084 -1.084 -1.084 -0.964 
Angle** -45.220 -45.220 -45.220 -45.220 -51.612 
Lower 
Leg 
X (m) 0.529 0.529 0.529 0.529 0.716 
Y (m) ±0.086 ±0.086 ±0.086 ±0.086 ±0.086 
Z (m) -0.706 -0.706 -0.706 -0.706 -0.682 
Angle** 15.043 15.043 15.043 15.043 42.922 
Location* - Is defined as the center of the top plane of the object.  
Angle**- Clockwise rotation about the Y-axis when viewing the model with the X-axis to the right. 
 
To maintain symmetry, the leg positions have been mirrored and centered near the 
crank position for all the rider positions. In some of the existing literature [15] [17] [18] [19] [22], 
great care has been taken to model stiffness values between the masses of the rider’s body 
parts. Since most stabilizing actions arise from steering and not lean [13] [14] [15] [16], it can be 
assumed that a rigid rider yields a sufficient model.  It should be noted that with the exclusion of 
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the passive mass from the hands and upper body on the handlebars, there will be less stability 
realized [18] [19] [20] in some of the rider positions. 
Six different rider positions have been chosen for analysis in this study. These positions 
are “No Rider”, “No Hands”, “Relaxed”, “On Hoods”, “Aerobars”, and “Aero Tuck”. As can be 
expected, the “No Rider” model lacks a human rider. The “No Hands” position, shown in Fig. 3-2, 
involves a rider with their weight further back on the seat and the hands at the sides of the 
rider. 
   
Figure 3-2: Rider positions from left to right: No Hands, Relaxed, On Hoods 
The “Relaxed” position, as shown in Fig. 3-2 (middle), involves the rider sitting with the 
weight slightly forward of the “No Hands” position which is very common with cruiser or casual 
style bicycles that feature a heavier frame weight and larger wheels. The “On Hoods” position 
shown in Fig. 3-2 (right) is typical of a semi-relaxed position adopted on a road style bicycle. In 
practice, the hands can vary in location on the handlebars, but the overall orientation resembles 
that of a more serious cyclist. The “Aerobars” position, shown in Fig. 3-3 (left), is adopted to 
reduce aerodynamic drag primarily by triathletes and by cyclists in time trials. This position 
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usually requires modified handlebars that place the rider in a more forward position with their 
elbows resting near the stem. 
 
 
 
 
Figure 3-3: Rider positions from left to right: Aerobars and Aero Tuck 
The last position investigated in this study represents an “Aero Tuck” position that is 
utilized in maximizing the downhill speed, sometimes in excess of 30 m/s. Shown in Fig. 3-3, this 
advanced and difficult position requires tucking the hands near the stem, tucking the elbows in, 
placing the chest close to the handlebars,  and depending on the rider, resting the bottom on 
the top tube. Utilizing PTC Creo Parametric ™ it is possible to extract the mass, center of mass, 
and moment of inertia values for each rider position discussed in this section. These values are 
listed below in Table 3-4, and will be used for calculation in the mathematical model. 
Table 3-4: Rider model input values for mathematical model 
 No Hands Relaxed On Hoods Aero Aero Tuck 
Mass (kg) 82.150 82.150 82.150 82.150 82.150 
X (m) 0.259 0.335 0.474 0.532 0.577 
Y (m) 0.000 0.000 0.000 0.000 0.000 
Z (m) -1.220 -1.217 -1.126 -1.051 -0.900 
Ixx (kg·m2) 12.964 12.502 9.089 6.066 3.342 
Ixz (kg·m2) -2.727 -1.431 1.089 1.303 0.574 
Iyy (kg·m2) 13.088 12.704 9.934 8.515 4.842 
Izz (kg·m2) 2.238 2.316 2.959 3.899 2.777 
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3.2.2  Frame Modeling 
 
Figure 3-4: Jamis Satellite bicycle 
 The selection of frame models for this study has been somewhat limited due to ease of 
access. The two main types of bicycles that have been examined include a conventional road 
bicycle and a cargo bicycle. The Jamis Satellite (or Jamis) bicycle shown in Fig. 3-4 is an entry-
level steel frame road bicycle that has been used as a reference for measurements in the 
simulation model. The cargo bicycle, shown in Fig. 3-5, represents a relatively new trend in 
utility adaptations of the bicycle frame where the wheelbase is greatly increased to allow a large 
storage region for transportation of goods. Geometry of this bicycle can vary significantly from 
one manufacturer to another, but the model shown in Fig. 3-5 is representative of the typical 
format used in cargo transportation. The bicycle frame was made available for measurement by 
the owner of Third Coast Bike Works, a local cargo bicycle builder. 
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Figure 3-5: Cargo bicycle by Third Coast Bike Works 
The Jamis bike uses Reynolds 520 tubing, which is a version of 4130 Chrome-moly steel. 
The tubing does not have the same heat treatment or alloy content as some of the higher 
grades of Reynolds tubing, thus requiring a larger wall thickness to compensate for the relatively 
lower strength. Determination of the actual tube thickness can be challenging, since most 
bicycle tubing is butted [43], as seen in an example cross-section shown in Fig. 3-6.  
 
Figure 3-6: Example of butted tubing 
A butted tube is constructed such that the center section is thinner than the end 
sections in part as a measure to reduce weight. Determination and modeling of these regions is 
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complicated, so as a simplification measure, a uniform thickness has been used for the tubing 
seen in Table 3-5. 
Table 3-5: Tubing approximations for the Jamis and Cargo bicycle models 
 Jamis Cargo 
Outside 
Diameter (in) 
Thickness 
(in) Description 
Thickness 
(in) Description 
1.500 0.020 Stem 0.083 Steering Tube, Bottom Tubes, Wheel Arch, & Heat Tube 
1.250 0.040 Head Tube & Down Tube 0.065 Top Tube 
1.125 
0.040 Top Tube 
0.065 Seat Post 
0.020 Handlebars & Drops 
1.000 
0.065 Head Tube Inner Shaft 
0.065 Handlebars, Stem, & Fork 
0.040 Seat Tube 
0.750 0.040 Fork & Seat Stays - - 
0.625 0.040 Chain Stays - - 
0.500 - - 0.065 
Rear Stays, Rear & Front 
Hoop, Kickstand Tubes, & 
Steering Linkage 
1.000 x 1.000 - - 0.065 Cargo Storage Frame (square tubing) 
 
Three different tube materials for the frame have been selected for examining stiffness, 
including Chrome-moly steel, Aluminum, and Titanium. Table 3-6 shows the typical properties of 
these three materials used in this study. 
Table 3-6: Frame material specifications 
 Modulus of Elasticity (GPa) Poisson’s Ratio Density (g/cc) 
4130 Chrome-moly Steel 205.0 0.290 7.85 
Ti-6Al-4V Titanium 113.8 0.342 4.43 
6061 Aluminum    68.9 0.330 2.70 
 
Typically, frame dimensions (and design) are expected to change when the material is 
changed from Steel to Aluminum or Titanium to account for the change in stiffness and 
strength. To simplify the model and reduce variables, the mass and inertial properties of the 
reference bicycles (made of Steel tubing) have been maintained for all frame material tested 
(Infinite, Steel, Titanium, and Aluminum). In the stiffness-modeling portion, all tube dimensions 
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have been kept constant while changing Modulus of Elasticity, Poisson’s Ratio, and Density for 
the different frame materials. It is acknowledged that the reduction in stiffness by changing the 
material alone will be far greater than is realized in production bicycles. Additional materials 
that have been used in the manufacturing of bicycles include composites such as Wood, 
Bamboo [44], and the more common Carbon Fiber – Epoxy.  These composite materials show 
highly anisotropic behavior. High cost coupled with high modeling complexity has led to the 
materials being excluded from this study of frame stiffness.  
Since the bicycle models have been generated from physical measurements, 
measurement inaccuracies, part-to-part variability, and part wear/fatigue could lead to 
compounding errors in the trail, rake and wheelbase and thus possible changes to the dynamic 
model. In order to mitigate any problems from such inaccuracies, wherever possible, published 
values have been used to develop the geometrical models. Some features such as the seat 
height or the handlebar height are adjustable; a “typical” height has been used across all rider 
positions.  
 
Figure 3-7: Parametric model of the Cargo bicycle 
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Models have also been simplified in the case of irregular or complex tube bends, and weld joints 
have been ignored since the model is not used for any stress calculations. The complete 
geometrical model of the cargo bicycle is shown in Fig. 3-7, and the model for the Jamis bike is 
shown in Fig. 3-8. 
 
Figure 3-8: Parametric model of the Jamis Satellite 
 The components of a bicycle such as the crankset, cassettes, brakes, derailleurs, 
handlebars, saddle, stem shifters, pedals, and wheels make up a large percentage of the overall 
bicycle mass. Masses estimated from parts listed in the product manual [45] combined with 
their simplified geometry allowed a good approximation for each component. Since the 
mathematical model assumes symmetry about the XZ plane, some parts have been shifted and 
centered (i.e. the crank and pedal assembly) to maintain this symmetry. These values can be 
seen in the following Table 3-7. Therefore, it should be noted that the geometrical models do 
not represent the Cargo and Jamis bikes exactly, but should be considered as best 
approximations to suit the mathematical model presented in Section 3.1.  
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Table 3-7: Component specifications and locations 
 Cargo bicycle Jamis bicycle 
Component Dimensions (in) 
Mass 
(lbm) 
Angle** 
(Degrees) 
X 
(in) 
Y 
(in) 
Z 
(in) 
X 
(in) 
Y 
(in) 
Z 
(in) 
Cassette ∅4 x 1 0.474 Vertical 0 0 -12.88 0 0 -13.50 
Derailleur 1 x 1 x 4 0.602 Horizontal 0 0 -9.88 0 0 -10.75 
Crankset ∅8x1 2.919 Vertical 16.50 0 -10.00 16.10 0 -10.71 
Rear Brake ∅2.75 x 0.25 x 1 x 3 0.441 
133.86C 
124.28J 9.00 0 -23.50 7.06 0 -26.20 
Seat 6.75  x 1.25 x  5.5 to 1.25 0.992 Horizontal 5.50 0 -40 3.50 0 -39.00 
Front Brake ∅2.75 x 0.25 x 1 x 3 0.441 
68.87C 
71.33J 75.25 0 -26.35 34.49 0 -27.48 
Shifter x2 1 x 1.5 x 4  0.551 Horizontal
C  
-78.99J 36.53 12.75 -41.25 35.75 ±8.25 -38.41 
**- Clockwise rotation in degrees about the Y-axis when viewing the model with the X-axis to the right. 
c –Cargo bicycle specific orientation.  
J –Jamis bicycle specific orientation. 
 
Approximations have also been used for the rear and front wheel assemblies. Each element of 
the wheel assembly, hub, spokes, rim tire, are assumed to be hoops of constant density and 
thickness. Table 3-8 lists the values of the parameters associated with the front and rear wheels 
for the two bicycles that have been used in this study. In the case of the Cargo bicycle, a smaller 
diameter tire with larger tire width has been used, and for the Jamis bicycle, a standard 25mm 
width road tire is used. 
Table 3-8: Values used for the rear and front wheels. 
 
Cargo Bicycle Jamis Satellite Bicycle 
Thickness 
(in) 
Mass 
(lbm) 
Inner 
Diameter  
(in)  
Outer 
Diameter 
(in) 
Thickness 
Y Plane 
(in) 
Mass 
(lbm) 
Inner 
Diameter 
(in) 
Outer 
Diameter 
(in) 
Rear 
Wheel 
Hub 4 0.881848 0 1 4 0.881848 0 1 
Spokes 1 0.619425 1 20.75 0.5 0.505686 1 23.5 
Rim 1.75 0.218644 20.75 21.75 0.75 1.124342 23.5 25 
Tire 2 1.569555 21.75 25.75 1 0.246923 25 27 
Front 
Wheel 
Hub 4 0.330693 0 0.75 4 0.330693 0 0.75 
Spokes 1 0.619381 0.75 20.75 0.5 0.442394 0.75 23.5 
Rim 1.75 0.218644 20.75 21.75 0.75 1.124342 23.5 25 
Tire 2 1.569555 21.75 25.75 1 0.246923 25 27 
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The nominal diameter of this rim/tire combination is 27”; however, changing tire or rim 
manufacturer, or even changing inflation will change the effective diameter, thickness, and 
mass.  Changing these values can raise or lower the height of the hub off the ground, which in 
turn can change the effective trail and the head tube angle of the bicycle as seen in Fig. 3-9. 
 
Figure 3-9: Wheel height effect on trail and steering tilt 
 
 All the data presented in this section has been used to define the Jamis Satellite Bicycle, 
the Cargo Bicycle, and the Cargo Bicycle with load. The characteristics of these three bikes will 
be compared with the Benchmark bike in the existing literature. A summary of the parameters 
required for the mathematical model is provided in Table 3-9. 
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Table 3-9: All bicycle parameters 
   Benchmark Jamis Cargo Cargo load 
 
Wheel base (m) 𝑤𝑤 1.02 0.988 2.019 2.019 
Trail (m) 𝑡𝑡 0.08 0.060 0.076 0.076 
Head Angle (rad) 𝛼𝛼 72*pi/180 1.274 1.265 1.265 
Rear 
Wheel 
Radius (m) 𝑅𝑅𝑟𝑟𝑟𝑟 0.3 0.343 0.327 0.327 
Mass (kg) 𝑚𝑚𝑟𝑟𝑟𝑟 2 1.251 1.492 1.492 
Mass moments of inertia 
(kg·m2) 
𝐴𝐴𝑥𝑥𝑥𝑥 0.0603 0.036 0.042 0.042 
𝐴𝐴𝑦𝑦𝑦𝑦 0.12 0.071 0.082 0.082 
𝐴𝐴𝑧𝑧𝑧𝑧 0.0603 0.036 0.042 0.042 
Rear 
Frame 
Position center of mass (m) 
𝑥𝑥𝑟𝑟𝑟𝑟 0.3 0.330 0.944 1.180 
𝑦𝑦𝑟𝑟𝑟𝑟 0 0.000 0.000 0.000 
𝑧𝑧𝑟𝑟𝑟𝑟 -0.9 -0.493 -0.397 -0.424 
Mass (kg) 𝑚𝑚𝑟𝑟𝑟𝑟 85 4.615 16.669 107.413 
Mass moment of inertia 
(kg·m2) 
𝐵𝐵𝑥𝑥𝑥𝑥 9.2 0.288 1.083 4.595 
𝐵𝐵𝑦𝑦𝑦𝑦 11 0.493 5.261 10.407 
𝐵𝐵𝑥𝑥𝑧𝑧 2.4 0.023 -0.262 -0.297 
𝐵𝐵𝑧𝑧𝑧𝑧 2.8 0.209 4.718 11.970 
Front 
Frame 
Position center of mass (m) 
𝑥𝑥𝑟𝑟𝑟𝑟 0.9 0.891 1.382 1.382 
𝑦𝑦𝑟𝑟𝑟𝑟 0 0.000 0.000 0.000 
𝑧𝑧𝑟𝑟𝑟𝑟 -0.7 -0.850 -0.815 -0.815 
Mass (kg) 𝑚𝑚𝑟𝑟𝑟𝑟 4 1.530 2.243 2.243 
Mass moments of Inertia 
(kg·m2) 
𝐶𝐶𝑥𝑥𝑥𝑥 0.05892 0.075 0.207 0.207 
𝐶𝐶𝑦𝑦𝑦𝑦 0.06 0.049 0.719 0.719 
𝐶𝐶𝑥𝑥𝑧𝑧 -0.00756 0.001 -0.278 -0.278 
𝐶𝐶𝑧𝑧𝑧𝑧 0.00708 0.040 0.636 0.636 
Front 
Wheel 
Radius (m) 𝑅𝑅𝑟𝑟𝑟𝑟 0.35 0.343 0.327 0.327 
Mass (kg) 𝑚𝑚𝑟𝑟𝑟𝑟 3 0.973 1.242 1.242 
Mass moments of inertia 
(kg·m2) 
𝐷𝐷𝑥𝑥𝑥𝑥 0.1405 0.035 0.041 0.041 
𝐷𝐷𝑦𝑦𝑦𝑦 0.28 0.070 0.082 0.082 
𝐷𝐷𝑧𝑧𝑧𝑧 0.1405 0.035 0.041 0.041 
 
3.3 Finite Element Model 
 The geometrical models of the rear frame models have been simplified in order to 
develop the finite element (FE) models. ANSYS ® Mechanical APDL™ [46] has been used for FE 
modeling to extract the frame stiffness matrix and to perform a modal analysis of the frame. The 
FE model is simplified by removing nonstructural pipes or unnecessary attachments to the rear 
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frame geometry. The pipe intersections are defined as keypoints within ANSYS, and connected 
with a straight line (lstr) or circular arc (larc) with appropriate circular (ctube) or 
rectangular (hrec) cross-sections, as required.  Welded surface connections and coped tubes 
have been replaced with direct keypoint connects at center to center locations to closely match 
the FE model with the geometric model. Fig 3-10 and 3-11 show the FE models for the Jamis and 
Cargo bicycles respectively. 
 
Figure 3-10: Simplified ANSYS Jamis model 
 
Figure 3-11: Simplified ANSYS Cargo model 
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The resulting FE models have been meshed with a beam element, Beam 188 in ANSYS, 
consisting of 6 degrees-of-freedom, 2 nodes, and an element size of 0.002 m. Material 
properties listed in Table 3-6 have been used. For the modal analysis, several different cases 
have been used including free, fixing the rear stay to wheel keypoints, fixing the head tube to 
downtube connection, and fixing both ends. The resulting first ten frequencies have been 
calculated from the FE model and will be discussed in Chapter 5.  
 In order to calculate the equivalent stiffness matrix (S) of the rear frame, a unit 
perturbation has been used. By applying a unit rotation (1 radian) about 𝜑𝜑 or 𝛿𝛿 to the lowest 
keypoint of the head tube and fixing the rear stay to wheel connection point at zero 
displacement, there is a resultant measureable reaction moment. This results in the equivalent 
stiffness matrix in Eq. (3.31), the four terms of this positive definite and symmetric matrix 
correspond to the reaction moments obtained from the unit perturbation. 
𝑆𝑆 = �𝐾𝐾𝜑𝜑𝜑𝜑 𝐾𝐾𝜑𝜑𝛿𝛿𝐾𝐾𝛿𝛿𝜑𝜑 𝐾𝐾𝛿𝛿𝛿𝛿 � (3.31) 
Finding 𝐾𝐾𝜑𝜑𝜑𝜑  is straightforward, however since the steering axis 𝛿𝛿 is non-orthogonal to X (𝜑𝜑), 
components 𝜑𝜑  in terms of X, Z, and head tube angle 𝛼𝛼 must be used to find 𝐾𝐾𝛿𝛿𝜑𝜑 
𝑋𝑋 = cos𝛼𝛼 
𝑍𝑍 = sin𝛼𝛼 (3.32) 
To determine the remaining terms, the rotation transformation in Eq. (3.33) is used. 
𝜃𝜃 = 𝛼𝛼 − 𝜋𝜋2 
𝑅𝑅𝑦𝑦(𝜃𝜃) = � cos𝜃𝜃 0 sin𝜃𝜃0 1 0
− sin𝜃𝜃 0 cos𝜃𝜃� 
(3.33) 
The original keypoints and the result of this transformation for each frame have been provided 
for reproduction purposes in Table 3-10 and Table 3-11. 
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Table 3-10: Cargo ANSYS model keypoints and transformation 
Cargo ANSYS Model 
Keypoint 
Number 
Original Rotated 
X (m) Y (m) Z (m) X (m) Y (m) Z (m) 
1 0.009754 0.06985 -0.31058 0 0.06985 0 
2 0.009754 -0.06985 -0.31058 0 -0.06985 0 
3 0.4191 0 -0.254 0.373322 0 0.177191 
4 0.236656 0 -0.98378 0.419043 0 -0.57365 
5 0.2921 0 -0.762 0.405149 0 -0.34548 
6 0.45085 0 -0.762 0.556534 0 -0.29768 
7 0.8509 0 -0.762 0.938024 0 -0.17725 
8 0.8509 0 -0.9525 0.995375 0 -0.35891 
9 0.8509 0 -0.38083 0.823272 0 0.18624 
10 0.8509 0 -0.254 0.78509 0 0.307185 
11 0.717387 0 -0.254 0.657771 0 0.266991 
12 0.8509 0 -0.2159 0.77362 0 0.343518 
13 0.8509 0 -0.2667 0.788913 0 0.295075 
14 1.6129 0 -0.2159 1.500268 0 0.57292 
15 1.6129 0 -0.2667 1.515562 0 0.524477 
16 1.8669 0 -0.7239 1.89542 0 0.164955 
17 1.828655 0 -0.845 1.895408 0 0.037955 
18 1.847779 0 -0.78445 1.895415 0 0.101454 
19 0.8509 0 -0.64303 0.902208 0 -0.0638 
20 0.889 0.3048 -0.2667 0.825245 0.3048 0.306545 
21 0.889 -0.3048 -0.2667 0.825245 -0.3048 0.306545 
22 1.5748 0.3048 -0.2667 1.47923 0.3048 0.513007 
23 1.5748 -0.3048 -0.2667 1.47923 -0.3048 0.513007 
24 0.889 0 -0.2667 0.825245 0 0.306545 
25 1.5748 0 -0.2667 1.47923 0 0.513007 
26 0.854871 0.0762 -0.60381 0.894187 0.0762 -0.0252 
27 0.854871 -0.0762 -0.60381 0.894187 -0.0762 -0.0252 
28 1.824549 0.0762 -0.74038 1.859996 0.0762 0.136485 
29 1.824549 -0.0762 -0.74038 1.859996 -0.0762 0.136485 
30 1.5748 0.27305 -0.2667 1.47923 0.27305 0.513007 
31 1.5748 -0.27305 -0.2667 1.47923 -0.27305 0.513007 
32 1.7526 0 -0.508 1.721425 0 0.336428 
33 0.324442 0 -0.63263 0.397044 0 -0.21237 
34 0.324442 0.020017 -0.63263 0.397044 0.020017 -0.21237 
35 0.324442 -0.02002 -0.63263 0.397044 -0.02002 -0.21237 
36 0.852663 0.054277 -0.62562 0.898648 0.054277 -0.04666 
37 0.852663 -0.05428 -0.62562 0.898648 -0.05428 -0.04666 
38 1.834251 0.061631 -0.75879 1.874789 0.061631 0.121855 
39 1.834251 -0.06163 -0.75879 1.874789 -0.06163 0.121855  
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Table 3-11: Jamis ANSYS Model keypoints and transformation 
Jamis ANSYS Model 
Keypoint 
Number 
Original Rotated 
X (m) Y (m) Z (m) X (m) Y (m) Z (m) 
1 0.40894 0 -0.27203 0.38038 0 0.181802 
2 0.270591 0 -0.72456 0.380425 0 -0.2914 
3 0.207467 0 -0.93102 0.380443 0 -0.5073 
4 0.791246 0 -0.83983 0.912028 0 -0.24936 
5 0.822808 0 -0.7366 0.912018 0 -0.14141 
6 -0.00798 -0.05715 -0.33464 0 -0.05715 0 
7 -0.00798 0.05715 -0.33464 0 0.05715 0  
Since the frame has been rotated, 𝐾𝐾𝛿𝛿𝛿𝛿 uses a unit rotation about Z, and 𝐾𝐾𝜑𝜑𝛿𝛿 
uses the components of 𝜑𝜑  in Eq. (3.34) for the new coordinate system. 
𝑋𝑋 = cos �𝜋𝜋2 − 𝛼𝛼� = sin𝛼𝛼 
𝑍𝑍 = sin �𝜋𝜋2 − 𝛼𝛼� = cos𝛼𝛼 (3.34) 
The resulting stiffness matrices for the two bicycle models and material properties are provided 
in Table 3-12.  
Table 3-12: Stiffness values for all frames & materials 
 Jamis Satellite Cargo Bike 
4130 Steel �6538.4 1234.91234.9 3622.1� �7727.1 3641.03640.9 4009.0� 
Ti-6Al-4V Titanium �3579.2 694.29694.29 1990.7� �4177.1 1988.91988.8 2007.0� 
6061 Aluminum �2173.9 419.16419.16 1208.0� �2544.4 1208.61208.5 1338.8� 
 
A small difference can be observed between the cross diagonal terms, which can be attributed 
to rounding errors. In order to maintain symmetry 𝐾𝐾𝛿𝛿𝜑𝜑 has been kept identical for both terms. 
These matrices will be used in evaluating the influence of frame stiffness in Chapter 5. 
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3.4 Numerical Simulation 
The mathematical model has been developed in MATLAB®. The characteristic 
parameters, as defined in section 3.1 to 3.3, have been used for the simulations. As a first step 
for verification, the parameters from the benchmark model [1] have been used to calculate the 
following matrices: M, C1, K0, and K2 in order to establish a baseline for this study. These values 
are compared to the reference values and are provided in the benchmark as seen in Table 3-13. 
The results show a 14-digit agreement for all values, except for K2(1,2) which has 13-digit 
agreement. This difference in K2(1,2) is negligible and can be attributed to rounding errors 
during the calculation. This baseline provides a point of reference for this study and will be used 
to interpret all the simulation results in Chapters 4 and 5. 
Table 3-13: Comparison of reference values for verification of Benchmark bicycle  Benchmark Paper [1] Output from MATLAB code 
M   80.817 22            2.319 413 322 087 09 80.817 220 000 000 006 2.319 413 322 087 091 2.319 413 322 087 09 0.297 841 881 996 86 2.319 413 322 087 091 0.297 841 881 996 855 
C1      0 33.866 413 914 924 94      0 33.866 413 914 924 941 -0.850 356 414 569 78 1.685 403 973 975 60 -0.850 356 414 569 785 1.685 403 973 975 596 
𝐾𝐾0
𝑔𝑔
  -80.95 -2.599 516 852 498 72 -80.949 999 999 999 989 -2.599 516 852 498 716 -2.599 516 852 498 72 -0.803 294 884 586 18 -2.599 516 852 498 716 -0.803 294 884 586 177 
K2      0 76.597 345 895 732 22      0 76.597 345 895 732 204      0 2.654 315 237 946 04      0 2.654 315 237 946 039 
 
The mathematical model presented in this chapter is used to analyze three bicycle 
models (Jamis, Cargo, Cargo with Load) with multiple rider positions (No Rider, No Hands, 
Relaxed, On Hoods, On Aerobars, Aero Tuck) and multiple configurations of the rear frame 
stiffness (Infinite, 4130 Steel, Titanium, 6061 Aluminum). The eigenvalues (real and imaginary), 
associated eigenvectors, natural frequency, and damping ratios resulting from each simulation 
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are calculated for a range of speed (0 - 30 m/s). Each eigenvalue (corresponding to weave, 
capsize and caster) is visually inspected in order to determine the stability characteristics from 
each simulation. All these results are presented in detail in Chapter 4 and 5. 
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Chapter 4:  Frame Geometry and Rider Positions 
This chapter presents simulation results for the Jamis bike and the Cargo bike, and 
compares these results with the benchmark bike. The influence of multiple rider positions that 
have been discussed in the previous chapter is also evaluated. Rider position primarily 
influences the distribution of mass and inertia of the rear frame rigid body as discussed in 
Chapter 3. A typical analysis involves identification of the stability ranges for specific 
eigenmodes and the features exhibited by the natural frequencies, damping ratios, and 
eigenvectors. 
4.1 The Eigenvalue Problem 
Appropriate identification of the eigenmodes of the bicycle through all speeds can be 
challenging since the order in which the eigenvalues are calculated by the eigenvalue function 
eigs() in MATLAB® may change from one analysis to another. This results in a lack of 
continuity between solutions for discrete forward speeds for which the eigenvalues and 
eigenvectors need to be calculated. Visual examination of the real and imaginary eigenvalues 
can be used to identify the modes associated with the eigenvalues. This visual inspection is fairly 
straightforward for the benchmark bicycle, but becomes challenging with the addition of 
variations in geometry and rider models. Multiple eigenmodes can converge to the same value 
and possibly split at some later speed, and there is no reliable way to determine which of those 
eigenmodes correspond to the previously labeled ones. This decreases the feasibility of doing 
specific eigenmode comparisons across all the permutations used in this study. The eigenmodes 
corresponding to the model that has been used in this study can be classified as weave (two 
modes), capsize, and caster. The weave mode corresponds to a fish-tailing motion involving roll, 
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steer and yaw oscillations (combined). The caster mode is dominated by steering, and the 
capsize mode is non-oscillatory and dominated by the roll motion [8].  
To illustrate the difficulty in tracking eigenmodes, a pair of eigenvalues has been 
selected from one of the permutations at random; these are the weave modes of the loaded 
cargo bike with no rider, as seen in Fig 4-1.  This plot has been constructed by tracking the real 
and imaginary eigenvalues for each speed in order to ensure that the same eigenmodes are 
being evaluated. Fig 4-1 shows the real and imaginary components of the eigenvalues 
corresponding to the weave mode for a bike speed ranging from 0 to 15 m/s. As can be seen 
below, the imaginary bifurcation coincides with a paring of the real parts of the weave modes. 
 
Figure 4-1: Eigenvalues of Weave modes of a loaded Cargo bicycle with no rider 
The first two values of the eigenvector represent the tilt or falling motion about the φ 
axis and steering about the δ axis. These two values represent the resulting mode shape and 
their sign and magnitude can be used to determine the dynamic behavior of the bicycle. Since 
these values are relative, paired values of -1 and 1 would be equivalent to 1 and -1. This makes it 
challenging to read the plot since values can be on the opposite side of the horizontal axis, 
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therefore values have been manually switched to enhance the understanding of the eigenvector 
plots, as seen in Fig 4-2 and Fig 4-3. 
 
 
Figure 4-2: Real Weave eigenvectors of loaded Cargo bicycle with no rider 
 
Figure 4-3: Imaginary Weave eigenvectors of loaded Cargo bicycle with no rider 
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As predicted, when the eigenmodes combine the associated eigenvectors are paired in 
the real case, and complementary in the imaginary case. As can be seen in Fig. 4-2 and Fig. 4-3, 
the mode shapes, as defined by their eigenvectors, change with speed. With this change, the 
relationship between the tilt and the steer also changes. In addition, there are instances of large 
discontinuities, such as 3.20 to 3.25 m/s, that do not correlate with any visible phenomenon of 
the eigenvalues. Because of the aforementioned reasons, implementing software based tracking 
is inherently difficult. 
For consistency with previous research, the eigenmodes are labeled according to their 
traditional naming schema, even though it is noted that the actual mode shape behaviors may 
change appreciably during the simulation. For the simulations, negative eigenvalues are 
considered to result in stable behavior and positive eigenvalues are expected to lead to 
instability. Positive eigenvalues with an absolute value smaller than 2 rad/s are expected to 
result in marginal instability, and should be controllable by a rider [12].  
4.2 Benchmark Bicycle 
The bicycle parameters provided in the literature for the benchmark have been used to 
reproduce the results by using the simulation model developed for this study. These results are 
compared to the published values in order to check the validity of the simulation model [1]. For 
the selected speeds listed in the benchmark model, the eigenvalues are compared, and it can be 
seen that the benchmark results and the results reproduced in this study are identical to 12 
decimal places. These results are listed in Table 4-1. This establishes the validity of the 
simulation model used in this study. This simulation model has been modified to accommodate 
all the bike models and all the rider positions that will be discussed in this chapter. It may be 
noted that all the modifications are done without adding any degrees-of-freedom to the 
baseline model. 
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Table 4-1: Comparison of Benchmark results and simulation in MATLAB® 
 Benchmark Results Simulation Benchmark Results Simulation 
Speed Weave Imaginary 
0 -5.530 943 717 653 93 or 3.131 643 247 906 56 
-5.530 943 717 653 937 or 
3.131 643 247 906 558 0 0 
1 3.526 961 709 900 70 3.526 961 709 900 693 0.807 740 275 199 30 0.807 740 275 199 309 
2 2.682 345 175 127 45 2.682 345 175 127 453 1.680 662 965 906 75 1.680 662 965 906 757 
3 1.706 756 056 639 75 1.706 756 056 639 735 2.315 824 473 843 25 2.315 824 473 843 244 
4 0.413 253 315 211 25 0.413 253 315 211 238 3.079 108 186 032 06 3.079 108 186 032 055 
5 -0.775 341 882 195 85 -0.775 341 882 195 838 4.464 867 713 788 23 4.464 867 713 788 228 
6 -1.526 444 865 841 42 -1.526 444 865 841 419 5.876 730 605 987 09 5.876 730 605 987 092 
7 -2.138 756 442 583 62 -2.138 756 442 583 635 7.195 259 133 298 05 7.195 259 133 298 048 
8 -2.693 486 835 810 97 -2.693 486 835 810 951 8.460 379 713 969 31 8.460 379 713 969 330 
9 -3.216 754 022 524 85 -3.216 754 022 524 913 9.693 773 515 317 91 9.693 773 515 317 833 
10 -3.720 168 404 372 87 -3.720 168 404 372 880 10.906 811 394 762 87 10.906 811 394 762 883 
 Capsize Caster 
0 -3.131 643 247 906 56 -3.131 643 247 906 553 -5.530 943 717 653 93 5.530 943 717 653 938 
1 -3.134 231 250 665 78 -3.134 231 250 665 783 -7.110 080 146 374 42 -7.110 080 146 374 409 
2 -3.071 586 456 415 14 -3.071 586 456 415 142 -8.673 879 848 317 35 -8.673 879 848 317 373 
3 -2.633 661 372 536 67 -2.633 661 372 536 656 -10.351 014 672 459 20 -10.351 014 672 459 232 
4 -1.429 444 273 613 26 -1.429 444 273 613 255 -12.158 614 265 764 47 -12.158 614 265 764 440 
5 -0.322 866 429 004 09 -0.322 866 429 004 090 -14.078 389 692 798 22 -14.078 389 692 798 241 
6 -0.004 066 900 769 70 -0.004 066 900 769 702 -16.085 371 230 980 26 -16.085 371 230 980 282 
7 0.102 681 705 747 66 0.102 681 705 747 665 -18.157 884 661 252 62 -18.157 884 661 252 019 
8 0.143 278 797 657 13 0.143 278 797 657 129 -20.279 408 943 945 69 -20.279 408 943 945 654 
9 0.157 901 840 309 17 0.157 901 840 309 174 -22.437 885 590 408 58 -22.437 885 590 408 587 
10 0.161 053 386 531 72 0.161 053 386 531 717 -24.624 596 350 174 04 -24.624 596 350 173 992 
 
The benchmark bicycle contains some notable features as can be seen from the 
eigenvalue plots in Fig. 4-4. In the initially unstable range for the weave modes, the two weave 
modes are distinct and non-oscillatory (meaning that the corresponding imaginary part of the 
eigenvalues is zero). The two weave modes combine to form a complex conjugate pair at 0.70 
m/s, with a weave bifurcation of the imaginary parts of the eigenvalues, that continues till the 
end of the simulation at 30 m/s. The damping ratio corresponding to the weave modes 
progressively decreasing as the weave modes approach stability at 4.30 m/s. The caster mode is 
stable through the entire speed range and the magnitude of the eigenvalue corresponding to 
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this mode keeps increasing, reaching a final value of -70.2078 rad/s at 30m/s. The capsize mode 
is non-oscillatory and is stable from 0.00 to 6.00 m/s, but then transitions to a marginally stable 
range for the duration of the simulation, reaching a maximum eigenvalue magnitude of 0.0763 
rad/s.  The overall stability range, where the real components of all eigenvalues are 
simultaneously negative, is from 4.30 to 6.00 m/s, while the bike is either stable or marginally 
stable from 4.30 to 30 m/s. 
 
Figure 4-4: Benchmark bicycle eigenvalues, natural frequency, and damping ratio 
4.3 Jamis Bicycle 
The mathematical model of the benchmark bicycle defines the rear frame as a 
combination of the rider and the rear frame without any distinction between the two. In this 
study, the rider and the rear frame are modeled distinctly and then combined together without 
adding any degrees-of-freedom to the model. This has been done in order to study the influence 
of multiple rider positions on the dynamic characteristics of the Jamis and Cargo bicycles. The 
upright Relaxed position is the closest representation of the rider position in the benchmark 
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bike, which is a typical representation of the rider position in a cruiser bicycle. Fig. 4-5 shows 
simulation results for a rider-less model with the Jamis bike. 
 
Figure 4-5: Jamis bicycle no rider eigenvalues, natural frequency, and damping ratio 
As seen in the results for the benchmark bicycle, the rider-less Jamis bicycle shows two 
weave modes that combine at 1.65m/s (as compared to 0.70 m/s in the benchmark bike). 
Similarly, after the weave modes merge they exhibit a reduction in damping as speed increases. 
These combined weave modes do not attain stability and exhibit an increase in natural 
frequency with increasing speed, with a maximum of 40.9268 rad/s at 30 m/s coupled with a 
small damping ratio. Unlike the benchmark bike, the caster and capsize modes combine at 0.40 
m/s corresponding to a bifurcation of the imaginary part, but then the real parts split at 2.15 
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m/s with no imaginary component. The capsize mode becomes marginally stable at 6.40 m/s till 
the end of the simulation. 
Addition of a rider to the Jamis bike is generally seen to have a stabilizing effect and the 
overall characteristics of the Jamis bike with a rider are similar to the benchmark bike. The real 
components of all the eigenvalues for all rider positions on the Jamis bike are shown in Fig. 4-6. 
 
Figure 4-6: Real eigenvalues of Benchmark and Jamis bicycle with all riders 
As can be seen from Fig. 4-6, the caster mode is distinct from the capsize mode and 
highly stable as compared to the rider-less model. The caster mode exhibits a general increase in 
stability as the rider position tends to move forward (toward the steering). This ordering 
changes position from 1.25 to 9.85 m/s such that the final order from least to most stable is as 
follows: Aero Tuck, On Hoods, Aerobars, Relaxed, and No hands. A significant difference can be 
observed between the Aero Tuck, On Hoods, and the remaining positions. However, since all the 
positions exhibit a stable non-oscillatory mode, the camber characteristics are not expected to 
change much as a result of rider positions in the Jamis bike. With each progressive (forward) 
rider position, the speed at which the weave modes combine as complex conjugates increases in 
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the following order: 0.8, 1, 1.4, 1.5, and 1.55 m/s, with the corresponding eigenvalue 
magnitudes being 3.4524, 3.5779, 3.8743, 4.0173, and 4.3668 s-1 respectively. The progressive 
rider positon seems to have a direct influence on delaying the stability of the weave mode, and 
can be seen from the summarized results in Table 4-2. 
Table 4-2: Stability regions for Jamis bicycle with different rider positions 
 
Caster Weave 1 Weave 2 Capsize Overall 
Start Stop Start Stop Start Stop Start Stop Start Stop Range 
Benchmark 0 30 4.30 30 4.30 30 0 6.00 4.30 6.00 1.70 
Jamis No Rider 0 30 - - - - 0 6.35 - - - 
Jamis No Hands 0 30 5.50 30 5.50 30 0 9.30 5.50 9.30 3.80 
Jamis Relaxed 0 30 5.70 30 5.70 30 0 10.35 5.70 10.35 4.65 
Jamis On Hoods 0 30 6.25 30 6.25 30 0 12.15 6.25 12.15 5.90 
Jamis Aero 0 30 6.70 30 6.70 30 0 12.95 6.70 12.95 6.25 
Jamis Aero Tuck 0 30 6.85 30 6.85 30 0 13.65 6.85 13.65 6.80 
 
The weave mode (start) and the capsize mode (stop) are the two governing factors that 
influence the overall range of stability. With each progressive rider position, the rider adopts a 
more forward position that is typically accompanied by a lower center of mass. Accordingly, the 
weave stability start speed is seen to increase from 5.5 to 6.85 m/s and the capsize stop speed is 
seen to increase from 9.30 to 13.65 m/s. This can be seen as a stabilizing influence on the 
capsize mode and results in a larger range of stable speeds, from 3.80 to 6.80 m/s, as the rider 
position moves forward, as seen in Table 4-2. If marginal stability is also considered, by including 
the positive eigenvalues that correspond to the eigenvalue magnitude of 2 rad/s and below, the 
overall stability regions increase as seen in Table 4-3.  Inclusion of marginal stability extends the 
stability range to the highest speeds in the simulation. Therefore, if stability and marginal 
stability are considered, the forward rider position is particularly seen to enhance the overall 
stability but delay the onset of weave mode stability for the Jamis bike. 
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Table 4-3: Strict and marginal stability regions for Jamis bicycle and all riders 
 Caster Weave 1 Weave 2 Capsize Overall 
Start Stop Start Stop Start Stop Start Stop Start Stop Range 
Benchmark 0 30 4.30 30 4.30 30 0 30 4.30 30 25.7 
Jamis No Rider 0 30 - - - - 0 30 - - - 
Jamis No Hands 0 30 4.20 30 4.20 30 0 30 4.20 30 25.80 
Jamis Relaxed 0 30 5.65 30 5.65 30 0 30 5.65 30 24.35 
Jamis On Hoods 0 30 6.25 30 6.25 30 0 30 6.25 30 23.75 
Jamis Aerobars 0 30 6.70 30 6.70 30 0 30 6.70 30 23.30 
Jamis Aero Tuck 0 30 6.85 30 6.85 30 0 30 6.85 30 23.15 
 
The Aerobars position is typically adopted by triathletes, sometimes at slower speeds 
but generally at speeds that are higher than 8 m/s. The Aero Tuck position is exclusively adopted 
during high-speed downhill sections where the speed can reach 30 m/s or higher. Considering 
these higher speeds, it can be seen that the capsize mode is the most critical one for stability. 
This mode is clearly seen to stabilize (marginally) with the progressive rider positions, as can be 
seen in Fig. 4-7. 
 
Figure 4-7: Real eigenvalues of Jamis bicycle 
 Contrary to the modeled higher speed stability of the Aerobars and Aero Tuck positions, 
these positions are believed to be harder for maintaining stability. Since advanced riders are 
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able to master the techniques of riding in these positions, this seems to suggest that instability  
experienced by a rider may be resulting from causes other than the rider system dynamics.  
In the case of the Aero Tuck position, the rider position changes the location of the hands on the 
handlebars from the outer ends to inward and close by the stem. This decreases the lever length 
of the handlebars, causing the same steering effort to result in a relatively larger effect on the 
steering of the bicycle. When using Aerobars, the elbows are typically positioned near the 
handlebar area. This results in altering the muscles that are actively engaged in steering 
motions, possibly leading to instability. Adopting the Aerobars position also increases the 
amount of mass moving about the steering axis. Modeling of this movement is non-trivial and is 
not represented in the model developed in this study. Including this movement in the model 
could change the resulting stability behavior and can be studied through future work. 
4.4 Cargo Bicycle 
This section presents the analysis results of the Cargo bicycle. Like the Jamis bike in the 
previous section, the Cargo bicycle has been investigated with all rider positions discussed in the 
previous chapter. Since the Cargo bike is primarily used for transportation, the dynamic 
characteristics of this bike will also be evaluated with a load of 200 lb in addition to the rider 
mass. 
First, the unloaded and rider-less cargo bicycle will be examined, and the results are 
shown in Fig. 4-8. As mentioned by Moore [19], the results from the rider-less model are 
significantly distinct from the results obtained by including a rider in the simulation models. In 
the unloaded rider-less Cargo bike, the first weave mode and the capsize mode are combined 
for the entire duration of the simulation, exhibiting an increasingly stable trend with an increase 
in bicycle speed. As is typical of all caster modes for the previous models, this caster mode is 
stable for all speeds. The second weave mode steadily moves to marginal stability at 3.95 m/s 
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and remains so for the entire speed range. Since the second weave mode is the only positive 
eigenvalue and remains as such, the resulting system can be termed as unstable for all speeds. 
However, if marginal stability is taken into account, then instability can be seen to terminate at 
3.95 m/s and the system remains marginally stable for all higher speeds, but it should be noted 
that there is no active rider in this model. 
 
Figure 4-8: Cargo bicycle no rider eigenvalues, natural frequency, and damping ratio 
With the addition of a rider, the behavior of the real eigenvalues is more in line with the 
benchmark and Jamis bicycles, and can be observed in Fig. 4-9. Unlike the Jamis bicycle, the 
weave modes merge point shifts to a slower speed: 3, 2.65, 2.15, 2.05, and 1.85 m/s with each 
progressive rider position. Similar to the Jamis bicycle, the magnitude of the eigenvalue at these 
points increases with each rider position with values of 1.8670, 2.0319, 2.2996, 2.4053, 2.5549 
s−1 respectively.  Initially, the weave eigenvalues are more unstable for relatively forward and 
lower rider positions, however from 5 to 8 m/s the ordering reverses such that the most forward 
and lower positions are more stable. For the capsize mode, the ordering remains the same such 
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that more forward rider positions correspond to more stable eigenvalues. The caster mode 
involves some ordering changes, but since all real components of eigenvalues have large 
negative magnitudes, the differences are negligible. The corresponding stability for the different 
rider positions is summarized in Table 4-4. 
 
Figure 4-9: Real eigenvalues of unloaded Cargo bicycle with all riders 
 
Table 4-4: Cargo bicycle stability ranges 
 
Caster Weave 1 Weave 2 Capsize Overall 
Start Stop Start Stop Start Stop Start Stop Start Stop Range 
Benchmark 0 30 4.30 30 4.30 30 0 6.00 4.30 6.00 1.70 
Cargo No Rider 0 30 0.05 30 - - 0.05 30 - - - 
Cargo No Hands 0 30 - - - - 0 7.05 - - - 
Cargo Relaxed 0 30 - - - - 0 8.30 - - - 
Cargo On Hoods 0 30 - - - - 0 10.25 - - - 
Cargo Aero 0 30 - - - - 0 11.00 - - - 
Cargo Aero Tuck 0 30 - - - - 0 11.60 - - - 
 
Considering strict definitions of stability it can be seen that a more forward and lower 
rider position results in an increase in the range of stability for the capsize mode. However, no 
significant change can be observed in the caster or weave modes with regards to stability. Since 
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all the weave modes are unstable, the Cargo bicycle does not exhibit overall self-stability. If 
marginal stability is included, the overall stability for the No Hands position is seen to improve, 
as seen in Table 4-5. With the inclusion of marginal stability, the capsize mode becomes stable 
for all speeds for the Cargo bike. 
Table 4-5: Cargo bicycle stability with marginal stability 
 
Caster Weave 1 Weave 2 Capsize Overall 
Start Stop Start Stop Start Stop Start Stop Start Stop Range 
Benchmark 0 30 4.30 30 4.30 30 0 30 4.30 30 25.70 
Cargo No Rider 0 30 0 30 3.95 30.00 0 30 3.95 30 26.05 
Cargo No Hands 0 30 0 4.70 2.95 4.70 0 30 2.95 4.70 1.75 
Cargo Relaxed 0 30 0 2.60 - - 0 30 - - - 
Cargo On Hoods 0 30 0 1.55 - - 0 30 - - - 
Cargo Aero 0 30 - - - - 0 30 - - - 
Cargo Aero Tuck 0 30 - - - - 0 30 - - - 
 
Including a luggage load of 200 lb to the cargo bicycle enhances stability, and stability 
ranges become viable for all rider permutations as seen in Fig. 4-10. The No Rider loaded Cargo 
bicycle is characterized by several distinct features, including the weave modes combining at 
0.80 m/s and eventually becoming self-stable at 7.75 m/s. The modes then split at 11.05 m/s, 
but still maintain stability for all higher speeds. The caster and capsize modes combine at 6.10 
m/s and are stable for all values. 
Several features can be observed from the dynamic characteristics of the loaded Cargo 
bicycle. The weave modes are seen to combine at 0.10 m/s for all rider positions except the 
Aero Tuck, which merges at 0.05 m/s. With each progressive riding position, there is a slight 
increase in the magnitude of the eigenvalue at which the weave modes merge: 3.4251, 3.4647, 
3.5754, 3.6445, and 3.7485 s-1. This trend continues, except for the Aero Tuck position, as the 
weave mode crosses into the stable region at 8.40, 8.55, 8.85, 9.00, and 8.80 m/s respectively. 
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Figure 4-10: Real eigenvalues of loaded Cargo bicycle, all riders 
Combination of the capsize and caster modes is obtained at a higher speed as the rider 
position moves forward, except for the Aero Tuck position, with values of 3.90, 4.25, 4.85, 5.15, 
and 4.95 m/s respectively. The corresponding magnitude of the real component of eigenvalues 
increases for each progressive position at -4.007, -4.00740, -4.2332, -4.3617, and -4.5025 s-1. At 
around 10 m/s, the weave, capsize, and caster modes cross and combine. This is an interesting 
phenomena and needs additional investigation. Table 4-6 lists the stability regions for all modes 
of the loaded Cargo bike. 
Though the eigenmode behavior of the loaded Cargo bike is different from the Jamis 
and benchmark bikes, the regions of stability are similar to that of the other bicycles. Each 
progressive rider position is seen to correspond to a prolonged region of stability. Even with a 
slight change in the starting speed of the stability region for the Aero Tuck position, the increase 
in the stop speed results in a larger stability range for each progressive rider position. Overall, 
the loaded Cargo bike requires a higher speed to obtain a state of dynamic stability, as 
compared to the Jamis bicycle. If marginal stability is taken into account, as shown in Table 4-7, 
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the capsize mode stability lasts longer, resulting in an enhanced range of speed for which the 
bicycle is stable. 
Table 4-6: Loaded Cargo bicycle stability ranges 
 
Caster Weave 1 Weave 2 Capsize Overall 
Start Stop Start Stop Start Stop Start Stop Start Stop Range 
Benchmark 0 30 4.30 30 4.30 30 0 6.00 4.30 6.00 1.70 
Loaded Cargo 
No Rider 0 30 7.75 22.15 7.75 30 0 30 7.75 22.15 14.40 
Loaded Cargo 
No Hands 0 30 8.40 20.70 8.40 30 0 30 8.40 20.70 12.30 
Loaded Cargo 
Relaxed 0 30 8.55 30 8.55 30 0 21.25 8.55 21.25 12.70 
Loaded Cargo 
On Hoods 0 30 8.85 30 8.85 30 0 22.40 8.85 22.40 13.55 
Loaded Cargo 
Aerobars 0 30 9.00 30 9.00 30 0 22.95 9.00 22.95 13.95 
Loaded Cargo 
Aero Tuck 0 30 8.80 30 8.80 30 0 23.55 8.8 23.55 14.75 
 
Table 4-7: Loaded Cargo bicycle stability including marginal stability 
 
Caster Weave 1 Weave 2 Capsize Overall 
Start Stop Start Stop Start Stop Start Stop Start Stop Range 
Benchmark 0 30 4.30 30 4.30 30 0 30 4.30 30 25.70 
Loaded Cargo 
No Rider 0 30 6.90 30 6.90 30 0 30 6.90 30 23.10 
Loaded Cargo 
No Hands 0 30 8.40 30 8.40 30 0 30 8.40 30 21.60 
Loaded Cargo 
Relaxed 0 30 8.55 30 8.55 30 0 30 8.55 30 21.45 
Loaded Cargo 
On Hoods 0 30 8.85 30 8.85 30 0 30 8.85 30 21.15 
Loaded Cargo 
Aero 0 30 9.00 30 9.00 30 0 30 9.00 30 21.00 
Loaded Cargo 
Aero Tuck 0 30 8.80 30 8.80 30 0 30 8.80 30 21.20 
 
The simulation results of the Jamis bike and the Cargo bike have been presented in this 
chapter for various rider positions. The simulation results have been compared to the 
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benchmark model. The influence of frame flexibility on the Jamis and Cargo bikes will be 
examined in Chapter 5.  
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Chapter 5:  Frame Flexibility  
This chapter re-examines the bicycles discussed in Chapter 4 with multiple rider 
positions in order to comprehend the influence of stiffness of the rear frame on the overall 
dynamic characteristics. The Jamis Satellite and Cargo bikes are examined with multiple rider 
positions including No Rider, No Hands, Relaxed, On Hoods, Aerobars, and Aero Tuck. The 
equivalent stiffness of the rear frame is computed from the finite element (FE) models using 
beam elements with constant diameter. The FE models are simplified and do not represent the 
reinforced connections of a manufactured bicycle with welded or brazed joints. Due to these 
simplifications, it is possible that the actual stiffness of the rear frames is actually higher than 
that calculated by the models used in this study. Change in stiffness is not illustrated by a 
change in geometry, but instead by a change in the material composition of the frame. This 
could result in an exaggeration of the drop in the effective stiffness of the aluminum and 
titanium frames, since they typically would be modified to account for the different material 
properties in production. Since the measured bicycles were made of steel, this material will 
serve as the baseline model for the real frame. The titanium and aluminum frames are used to 
demonstrate a general trend of stiffness and its influence on the dynamic characteristics of a 
bike, but these are not directly representative of commercially available bicycles. 
5.1 Jamis Bicycle 
Several trends can be observed for the Jamis bicycle with varying stiffness of the rear 
frame. The Jamis bike model with No Rider condition shows minimal changes in the dynamic 
characteristics. This can be seen from Fig. 5-1, where there is barely any distinction between the 
eigenvalues as the stiffness of the rear frame decreases (from infinite stiffness to an aluminum 
frame). 
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Figure 5-1: Real eigenvalues of Jamis bicycle, no rider and all stiffness values 
The combined weave modes and caster modes show a relatively larger amount of 
change under 10 m/s, but that change is very small in magnitude. The results of the rider-less 
bicycle mirror those found in the study done by Kooijman et al. where no discernable difference 
could be found with rider-less bicycles of different stiffness values [31]. As will be seen, frame 
stiffness will exhibit a much higher influence in conjunction with a rider model.  
In all the rider-added simulations of the Jamis bike, the rear frame stiffness is seen to 
exhibit a significant influence on the overall stability of the bike. This can be seen in the plots of 
the real eigenvalues in Fig. 5-2, Fig. 5-3, Fig. 5-4 and Fig. 5-5. With decreasing stiffness, the 
weave mode combination location shifts to slower speeds, and the magnitude of the eigenvalue 
is seen to increase. This implies a slightly higher instability for the weave modes with reduction 
in stiffness. The caster mode does not exhibit any significant change, but since this mode is 
highly stable and consistent across most frames and rider positions, its change is rather 
negligible. The capsize mode shows an increase in the magnitude of the real component of the 
eigenvalues, corresponding to a steeper rate of change as this mode switches from stability to 
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marginal stability. This steeper rate causes some combination of the capsize and weave modes. 
The following plots show the change across the real eigenvalues for the differing materials. 
 
Figure 5-2: Real eigenvalues of Jamis bicycle, all riders and infinite stiffness 
 
 
Figure 5-3: Real eigenvalues of Jamis bicycle, all riders and steel stiffness 
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Figure 5-4: Real eigenvalues of Jamis bicycle, all riders and titanium stiffness 
 
Figure 5-5: Real eigenvalues of Jamis bicycle, all riders and aluminum stiffness 
It may be noted that the rear frame with infinite stiffness can be modeled by using the 
modified model presented in Chapter 3 with very high values of stiffness for the positive-
definite, equivalent stiffness matrix (S). Table 5-1 lists the overall range of speed for which the 
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Jamis bike exhibits stable behavior as well as marginally stable behavior with varying stiffness of 
the rear frame. 
Table 5-1: Stability ranges for all stiffness values of the Jamis bicycle 
  Overall Stability Including Marginal 
  Start Stop Range Start Stop Range 
Infinite 
No Rider - - - - - - 
No Hands 5.50 9.30 3.80 4.20 30.00 25.80 
Relaxed 5.70 10.35 4.65 5.65 30.00 24.35 
On Hoods 6.25 12.15 5.90 6.25 30.00 23.75 
Aerobars 6.70 12.95 6.25 6.70 30.00 23.30 
Aero Tuck 6.85 13.65 6.80 6.85 30.00 23.15 
Steel 
No Rider - - - - - - 
No Hands 5.70 7.70 2.00 4.15 30.00 25.85 
Relaxed 5.85 8.30 2.45 5.10 30.00 24.90 
On Hoods 6.30 9.40 3.10 6.30 30.00 23.70 
Aerobars 6.75 9.95 3.20 6.75 30.00 23.25 
Aero Tuck 6.85 10.75 3.90 6.85 30.00 23.15 
Titanium 
No Rider - - - - - - 
No Hands 5.95 6.85 0.90 4.15 30.00 25.85 
Relaxed 6.00 7.25 1.25 4.85 30.00 25.15 
On Hoods 6.35 8.10 1.75 6.35 30.00 23.65 
Aerobars 6.75 8.55 1.80 6.75 30.00 23.25 
Aero Tuck 6.85 9.25 2.40 6.85 30.00 23.15 
Aluminum 
No Rider - - - - - - 
No Hands - - - 4.15 30.00 25.85 
Relaxed - - - 4.65 30.00 25.35 
On Hoods 6.50 6.95 0.45 5.90 30.00 24.10 
Aerobars 6.75 7.35 0.60 6.75 30.00 23.25 
Aero Tuck 6.80 8.00 1.20 6.80 30.00 23.20 
 
It can be seen from the summary in Table 5-1 that a reduction in the stiffness of the rear 
frame results in a reduction of the range of speed for which the bike is stable. The reduction in 
stiffness seems to particularly influence the higher end of stable behavior (Stop parameter in 
Table 5-1). The lower end of speed is also somewhat affected by stiffness, but there is no clear 
trend in this behavior. For the rear frame with the lowest stiffness, aluminum, the weave and 
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capsize modes are unstable for the entire speed range for the first two rider positions. Although 
marginal stability is slightly better for these two rider positions, the overall behavior is still 
unstable. From the trends of stability and marginal stability in Table 5-1, it can be clearly 
discerned that stability is overall enhanced by an increase in the stiffness of the rear frame. 
Marginal stability exist for all high speed of the simulation for all rider positions, but the direct 
effect of stiffness on rider perception may be hard to quantify and needs further investigation. 
5.2 Cargo Bicycle 
The rider-less Cargo bicycle shows results that are similar to the rider-less Jamis bicycle, 
with minor changes in the magnitude of real eigenvalues as the frame stiffness changes. These 
results are presented in Fig. 5-6. 
 
Figure 5-6: Real eigenvalues of unloaded Cargo bicycle, no rider and all stiffness 
The combined first weave and capsize mode do not exhibit a perceptible change, but continue 
to be increasingly stable for higher speeds. The caster mode shows a slight increase in stability 
for speeds under 10 m/s, but converges to nearly the same value at higher speeds, and since the 
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caster mode is already highly stable, the change in magnitude is negligible for overall stability. 
The weave mode exhibits a small increase in instability, such that the onset of marginal stability 
shifts from 3.95 to 4.00, 4.05, and 4.15 m/s with reducing frame stiffness. 
 With the addition of rider mass to the simulation of the Cargo bike, frame stiffness has a 
more pronounced influence on the dynamic behavior, as seen from the eigenvalue plots. The 
caster mode remains stable, but a general shift can be seen toward enhanced stability with an 
increase in the stiffness of the rear frame. The ordering of the modes remains consistent but 
switches on the frame with the lowest stiffness such that the most progressive (forward) 
positions are the least stable. Initial eigenvalues at low speed for the first weave and capsize 
modes remain nearly identical for all stiffness values. However, the capsize mode shifts from 
stability to instability at lower speeds. Also, the speed at which the weave modes combine 
moves to higher values as the stiffness of the rear frame reduces. In general, the second weave 
modes are seen to become increasingly unstable with reduction of stiffness. If marginal stability 
is also taken into account, the trends become complex and difficult to decipher. As the stiffness 
of the rear frame reduces (from theoretically infinite to steel and then to titanium), more rider 
positions show small stability regions. There does not appear to be a specific trend across the 
models and the aluminum frame shows no marginally stable ranges. All of these values can be 
seen in Table 5-2. 
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Table 5-2: Unloaded cargo bicycle stability ranges 
  Overall Stability With Marginal 
  Start Stop Range Start Stop Range 
Infinite 
No Rider - - - 3.95 30.00 26.05 
No Hands - - - 2.95 4.70 1.75 
Relaxed - - - - - - 
On Hoods - - - - - - 
Aerobars - - - - - - 
Aero Tuck - - - - - - 
Steel 
No Rider - - - 4.00 30.00 26.00 
No Hands - - - 4.15 5.60 1.45 
Relaxed - - - 4.10 5.30 1.20 
On Hoods - - - - - - 
Aerobars - - - - - - 
Aero Tuck - - - - - - 
Titanium 
No Rider - - - 4.05 30.00 25.95 
No Hands - - - 5.90 6.70 0.80 
Relaxed - - - 6.10 6.95 0.85 
On Hoods - - - 6.05 7.15 1.10 
Aerobars - - - 5.75 7.20 1.45 
Aero Tuck - - - - - - 
Aluminum 
No Rider - - - 4.15 30.00 25.85 
No Hands - - - - - - 
Relaxed - - - - - - 
On Hoods - - - - - - 
Aerobars - - - - - - 
Aero Tuck - - - - - - 
 
The plots for real components of eigenvalues for theoretical infinite stiffness, steel frame, 
titanium frame and aluminum frame are shown in Fig. 5-7, Fig. 5-8, Fig. 5-9, and Fig. 5-10 
respectively. 
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Figure 5-7 : Real eigenvalues of unloaded Cargo bicycle, all riders and infinite stiffness 
 
 
Figure 5-8: Real eigenvalues of unloaded Cargo bicycle, all riders and steel stiffness 
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Figure 5-9: Real eigenvalues of unloaded Cargo bicycle, all riders and titanium stiffness 
 
 
Figure 5-10: Real eigenvalues of unloaded Cargo bicycle, all riders and aluminum stiffness 
The addition of a 200 lb load to the Cargo bike at the front end of the bicycle affects the 
overall stability of the bike. A summary of this behavior can be seen from the eigenvalue plot in 
Fig. 5-11. 
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Figure 5-11: Real eigenvalues of loaded Cargo bicycle, no rider and all stiffness 
From the plot of the real eigenvalues in Fig. 5-11, it can be seen that the speed at which 
the capsize and caster modes merge increases as the stiffness of the rear frame reduces. 
Likewise, the speed at which the weave modes merge increases with a reduction in stiffness. 
This is accompanied by the combined weave mode being slightly more unstable. The split point 
for the weave modes occurs at a lower speed as the stiffness of the rear frame reduces. This 
split is accompanied by one increasingly unstable weave mode and one increasingly stable 
weave mode as the stiffness reduces. Overall, the onset of stability occurs at 7.75, 7.9, 8.05, and 
8.25 m/s respectively and the stop speed of the stability occurs at 22.15, 12.95, 10.35, and 8.45 
m/s respectively. In terms of stability, it can be seen that for the loaded Cargo bikes without a 
rider, there is a significant reduction in stability with a loss in stiffness. If marginally stability is 
taken into account, stability or marginal stability lasts till the end of the simulation. When 
including marginal stability, reduction in stiffness is seen to slightly enhance stability and reduce 
the minimum speed for the onset of stability (or marginal stability).  
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When a rider is included in the analysis for the loaded Cargo bicycle, the overall stability of the 
bicycle is enhanced. Some general trends of the real eigenvalue plots can be observed for the 
reduction of stiffness across all the rider positions. Across most of the rider positions, there is an 
initial pairing of the weave modes and a pairing of the capsize and caster modes. At higher 
speeds, these two pairs cross or combine, as can be seen in Fig. 5-12 and Fig. 5-13. As the 
stiffness of the rear frame is reduced, the range of speed around which the weave modes and 
the capsize/caster modes split moves from approximately 10 m/s to 7 m/s for the rear frame 
with the lowest stiffness. This is accompanied by a general increase in instability, typically 
dominated by the weave mode. However, the caster mode is seen to exhibit the opposite 
behavior, with an increase in stability. The initial rider positions appear to have a much greater 
sensitivity toward the weave and caster modes in conjunction with the change in stiffness. 
Similar to the other simulation results, initial low speed eigenvalues of the first weave mode and 
the capsize mode are seen to remain unchanged. 
 
Figure 5-12: Real Eigenvalues of loaded Cargo bicycle, all riders and infinite stiffness 
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Figure 5-13: Real eigenvalues of loaded Cargo bicycle, all riders and steel stiffness 
 
 
Figure 5-14: Real eigenvalues of a loaded Cargo bicycle, all riders and titanium stiffness 
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Figure 5-15: Real eigenvalues of a loaded Cargo bicycle, all riders and aluminum stiffness 
 If marginal stability is disregarded, reducing the stiffness of the rear frame has a 
significant influence on reducing the range of speed over which stable behavior is exhibited for 
the cargo bike in the presence of a rider and a substantial load. This can be directly observed 
from the stability ranges that are listed in Table 5-3. For the model with theoretically infinite 
stiffness, there is a reasonable range of speed for which the bike exhibits stable behavior. As the 
stiffness is reduced, it can be seen that the bike does not exhibit stable behavior at any speed. 
Inclusion of marginal stability mitigates the effect somewhat and the trend of a loss of stability 
with reducing stiffness is not as apparent. When the results of the steel frame are compared to 
the frame with a theoretically infinite stiffness, there actually appears to be a slight increase in 
the range of stability if marginal stability is included. For the titanium frame, the onset of 
stability moves to a very high speed (greater than 17 m/s), a speed that is generally not achieved 
except in a rare downhill instance. The model with the Aluminum frame does not demonstrate 
any regions of stability for any rider position. It can be concluded that for the loaded Cargo 
bicycle, increasing the stiffness greatly enhances the range of self-stability for the bicycle. It can 
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also be stated that reinforcing the elongated frame would have a significant effect on the overall 
stability of the bicycle. 
Table 5-3: Overall and marginal stability for loaded cargo bicycle with riders 
  Overall Stability With Marginal 
  Start Stop Range Start Stop Range 
Infinite 
No Rider 7.75 22.15 14.40 6.90 30.00 23.10 
No Hands 8.40 20.70 12.30 8.40 30.00 21.60 
Relaxed 8.55 21.25 12.70 8.55 30.00 21.45 
On Hoods 8.85 22.40 13.55 8.85 30.00 21.15 
Aerobars 9.00 22.95 13.95 9.00 30.00 21.00 
Aero Tuck 8.80 23.55 14.75 8.80 30.00 21.20 
Steel 
No Rider 7.90 12.95 5.05 6.30 30.00 23.70 
No Hands 7.90 7.90 0 6.45 30.00 23.55 
Relaxed 7.95 7.95 0 6.55 30.00 23.45 
On Hoods 8.10 8.25 0.15 6.95 30.00 23.05 
Aerobars 8.25 8.45 0.20 7.15 30.00 22.85 
Aero Tuck 8.35 8.90 0.55 7.50 30.00 22.50 
Titanium 
No Rider 8.05 10.35 2.30 5.95 30.00 24.05 
No Hands - - - 25.35 30.00 4.65 
Relaxed - - - 26.40 30.00 3.60 
On Hoods - - - 24.60 30.00 5.40 
Aerobars - - - 22.55 30.00 7.45 
Aero Tuck - - - 17.00 30.00 13.00 
Aluminum 
No Rider 8.25 8.45 0.20 5.55 30.00 24.45 
No Hands - - - - - - 
Relaxed - - - - - - 
On Hoods - - - - - - 
Aerobars - - - - - - 
Aero Tuck - - - - - - 
 
5.3 Modal Analysis 
A modal analysis of the rear frame for the Jamis and Cargo bikes has been performed to 
support the findings from the analysis of frame flexibility in Section 5.2. All modal analysis has 
been performed by using a commercial finite element solver (ANSYS). The first ten natural 
frequencies for the rear frame of the Jamis bike and the Cargo bike are listed in Table 5-4 and 
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Table 5-5 respectively. Multiple constraints have been used for analysis and three materials are 
used for the analysis. It may be noted that only four frequencies are listed for the free-free case 
since there are six rigid body modes resulting from this analysis. 
Table 5-4: Jamis bicycle modal analysis 
 Set Steel (Hz) Titanium (Hz) Aluminum (Hz) Description 
Free 
1 90.171 89.245 88.991  
2 109.5 108.1 107.86  
3 233.42 230.06 229.63  
4 258.11 255.87 255.05  
Fix Rear 
1 22.426 22.237 22.164 Rot Y CCW 
2 35.789 35.341 35.259  
3 157.35 155.84 155.37  
4 201.05 199 198.43  
5 274.87 272.47 271.61  
6 277.08 273.06 272.55  
7 292.64 290.12 289.18  
8 314.17 311.07 310.16  
9 372.53 369.16 368.01  
10 404.78 401.23 399.95  
Fix Head 
1 25.74 25.487 25.412 Rot Z CCW 
2 35.154 34.856 34.743  
3 65.878 64.715 64.641  
4 89.949 89.025 88.772  
5 110.46 109.15 108.88  
6 270.03 266.79 266.14  
7 304.85 302.21 301.24  
8 330.16 327.3 326.25  
9 336.52 333.57 332.51  
10 346.88 342.85 341.99  
Fix Both 
1 174.84 173.18 172.66  
2 236.88 234.47 233.8  
3 301.34 298.74 297.78  
4 309.95 306.91 306  
5 379.36 375.56 374.47  
6 383.74 380.26 379.08  
7 399.13 395.15 394  
8 404.79 401.24 399.96  
9 406.47 402.88 401.6  
10 419.35 415.65 414.33  
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Table 5-5: Cargo bicycle modal analysis 
 Set Steel (Hz) Titanium (Hz) Aluminum (Hz) Description 
Free 
1 42.08 41.543 41.449  
2 46.55 46.104 45.966  
3 55.212 54.011 54.001  
4 62.609 61.981 61.802  
Fix Rear 
1 2.9828 2.9577 2.948 Rot Y CW 
2 4.1511 4.1101 4.0981 Rot Z CCW 
3 28.062 27.545 27.519 Rot X CCW 
4 38.123 37.759 37.646  
5 45.112 44.526 44.428  
6 72.625 71.972 71.747  
7 76.462 75.089 75.009  
8 94.842 93.587 93.384  
9 136.56 135.14 134.76  
10 145 143.67 143.22  
Fix Head 
1 5.7457 5.6295 5.6265 Rot Z CW 
2 5.9812 5.9301 5.9109 Rot Y CCW 
3 21.965 21.6 21.57 Rot Z CCW 
4 28.785 28.512 28.426  
5 37.446 36.91 36.84  
6 58.885 57.736 57.695  
7 60.279 59.716 59.534  
8 62.718 62.092 61.911  
9 74.172 72.997 72.883  
10 129.11 127.54 127.24  
Fix Both 
1 32.344 31.935 31.862  
2 41.216 40.835 40.709  
3 46.596 45.832 45.766  
4 77.508 76.221 76.116  
5 94.887 93.634 93.43  
6 138.27 136.92 136.52  
7 138.55 137.23 136.82  
8 148.54 147.07 146.64  
9 159.73 157.96 157.54  
10 161.06 159.54 159.06  
 
Three different constraints have been used to compare the resulting frequencies and 
mode shapes. It can be clearly seen that the reduction in stiffness results in a reduction in the 
natural frequencies for all constraints, and for both the frames.  However, the magnitude of 
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reduction in natural frequencies varies. Overall, the cargo bike is seen to have significantly lower 
natural frequencies as compared to the Jamis bike. This could be attributed to the significantly 
longer wheelbase and the distinct structural geometry of the Cargo bike. Changing the frame 
material is seen to result in a small change in the natural frequencies, but this does do not alter 
the resulting mode shapes significantly. Mode shapes in the low frequency range (under 30 Hz) 
are typically seen as rotations about the x-axis, corresponding to a roll motion. 
Considering that there are two pedal strokes for each revolution of a crank, and that the 
typical riding cadences are around 60-90 RPM [47], it can be expected that the frame will be 
excited normally in the range of 2 to 3 Hz with a possible maximal of 8 Hz. Natural frequencies in 
this relatively low range are seen only for the elongated frame of the Cargo bike. Realistically, 
only the first mode of the frame structure could be excited during the normal operation of the 
bicycle. All the natural modes of the rear frame for the Jamis bike are well above 8 Hz. 
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Chapter 6:  Conclusions and Scope for Future Work 
This chapter presents the main findings and overall conclusions of this study. A 
discussion of rider positions, frame geometry, and frame stiffness is included along with the role 
of these parameters in influencing the stability of a bicycle. Possible means of validation and 
improvements as well as the future scope of this study are also presented in this chapter. 
6.1 Conclusions 
The benchmark model is seen to exhibit strong agreement with the published results in 
the literature. This lends credence to the use and implementation of the analytical models 
developed for this study. The Jamis Satellite bicycle is similar to the benchmark bike in terms of 
stability and eigenvalue characteristics. The Jamis bike has a number of parameters that are 
different from the benchmark bicycle. These include a shorter trail, a steeper head tube, a 
shorter wheelbase, larger wheels with less inertia, and a lighter frame. Through a combination 
of these parameters, the onset of stability is seen to shift to a higher speed. The stop speed of 
stability was much greater for the Jamis bicycle at 10.35 m/s for the relaxed rider position as 
compared to 6.00 m/s for the benchmark bicycle. Self-stability for the rider-less bicycle is never 
realized due to instability of the weave modes. With each progressive rider position, the stop 
speed is seen to increase more than the start speed, resulting in an overall enhancement of the 
range of stable speeds. The higher speed stability results for the Aerobars and Aero Tuck 
positions conflicts with commonly held rider perceptions. As such, other factors relating to 
control may be the cause of the instability. These could include parameters such as a shorter 
lever arm of the handlebars in the case of the Aero Tuck position. 
 For the unloaded cargo bicycle, no stability ranges could be found primarily due to the 
instability of the weave modes. From all the rider positions investigated for this bike, only the 
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No hands position results in stable behavior, but this is only if marginal stability is taken into 
account. However, these results do not match rider-handling perceptions, and may be due to 
small compounding modeling inaccuracies or shortcomings of the Whipple model to represent 
the handling behavior of this bike. The position of the rider on the frame exhibits a larger 
influence on the eigenvalue plots for the Cargo bike as compared to the Jamis bike. An addition 
of a 200 lb load stabilizes the Cargo bicycle considerably. The onset speed of the stable range is 
higher at 9.0 m/s (as compared to 7.75 m/s), but is accompanied by a much higher stop speed, 
23.35 m/s (as compared to 20.70 m/s). This results in a larger stability range as compared to the 
Jamis bicycle. The relatively forward position of a rider results in an increase in the stability 
range, with an overall shift in the onset speed. If marginal stability is taken into account, stability 
is seen to last till very high speeds (continuing for the range of the simulation). 
The influence of the stiffness of the rear frame manifests itself in the form of some clear 
trends in the dynamic behavior. For the rider-less Jamis bike and the unloaded rider-less Cargo 
bicycle, there is a negligible change in eigenvalues and the resulting stability ranges, matching 
the results in the literature, particularly the results from Kooijman et al [31]. When a rider is 
included in the analysis, a reduction in stiffness correlates directly with a reduction in the range 
of speed for which the bicycle exhibits stable behavior. Onset of stability seems to exhibit a 
small shift to higher speeds overall. Assuming that the steel stiffness values used are a low 
estimate for stiffness, then values between steel and infinite represent the range of realizable 
frame stiffness values. Generally, a small improvement in self-stability can be discerned due to 
an increase in frame stiffness greater than the steel values used. The outcome of a reduction in 
stiffness for the unloaded Cargo bike is much more pronounced, yet the effect on stability is 
difficult to discern since there are no strict stability ranges except for marginal stability. The 
influence of frame stiffness is very significant when the Cargo bike is analyzed with a 200 lb load. 
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The range of speeds for which the bike exhibits self-stability is large when the frame stiffness is 
assumed infinite, but stability is lost for all rider positions when the stiffness is directly taken 
into account. As such, the Cargo bike could significantly benefit from reinforcements since the 
rear frame is relatively elongated as compared to the other bicycle frames. With marginal 
stability, frame stiffness is not seen to influence stability until there is a substantial reduction in 
stiffness. For instance, the steel frame does not seem to differ from a frame with infinite 
stiffness, but the remaining frames exhibit a drastic reduction in stability with reducing frame 
stiffness. 
From the modal analysis results of the rear frames, the natural frequencies of the rear 
frame of the Jamis bicycle are higher than that of the Cargo bicycle. Additionally, reduction in 
frame stiffness results in a direct decrease of natural frequencies, but without change of the 
natural modes. This is primarily because the change in stiffness has been modeled by changing 
the frame material, and not the layout. Natural frequencies are typically seen to be outside the 
range of pedaling frequencies normally experienced during riding, except for the first mode of 
the Cargo bicycle when the boundary condition corresponds to a fixed rear end. It is possible to 
excite this natural frequency and this could be detrimental to the handling characteristics of the 
Cargo bike. 
Overall, the addition of frame stiffness to the rigid rider model has the potential to 
precisely demonstrate the dynamic characteristics of the bicycle, with high sensitivity to the 
location of the rider mass as well as the distribution of the mass. Analytical determination of 
frame stiffness provides a viable approximation of the rear frame. Inclusion of frame stiffness to 
the bicycle model is therefore recommended in order to accurately represent the dynamic 
characteristics of the bicycle. 
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6.2 Future Research 
The model developed for this study can be extended in many ways in order to enhance 
accuracy. This study has been limited to analytical approximations, but measured values of 
torsional and lateral stiffness, and experimental modal analysis can be performed for detailed 
model correlation as part of future scope. This will allow a comparison to determine whether 
some of the modeling assumptions made for the analytical model need to be modified. An 
experimental determination of some of the model parameters will also assist in validation, 
correlation and comparison of the results with other studies in the literature. 
Lumped mass approximations of the parts of body of the rider, such as rider arms, 
should be examined for the progressive rider positions, especially the Aerobars position where a 
larger portion of the mass is coincident with the front frame. Though a more advanced rider 
position, the use of Aerobars makes up a large segment of the position adopted by triathletes. 
Improvements in modeling this position accurately could provide a better understanding of the 
performance associated with it. This study developed a simplistic rider model with multiple 
lumped masses that are rigidly connected. The different parts of the rider’s body could be 
modeled elaborately with spring and damper connections between them. This can be done as 
part of future scope. 
As far as simulation and analysis are considered, reliable tracking of eigenvalues from 
subsequent time steps has yet to be achieved in the literature. With more complex rider models, 
behavior of specific “mode shapes” becomes ambiguous, and a closer examination of these 
changes could be undertaken in a future study. 
An experimental study of handling characteristics and its relationship with the dynamic 
model of a bicycle would also benefit the model. Use of a wide range of riders ranging from 
novice, casual, category level racer, and professional cyclist could yield a more complete and in-
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depth analysis of the rider influence. Three-dimensional tracking has been used to analyze 
cycling movements, however actual muscle monitoring via electromyography has not been 
quantified. Analysis of muscle use among novice and professional riders could provide insight 
into behavioral and teachable skills in bicycle handling. This can be studied as part of future 
scope. 
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